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DIURNAL POLAR MOTION

Paul MeClure

ABSTRACT

An analytical theory is developed to describe diurnal polar motion in the
Earth which arises as a forced response due to lunisolar torques and tidal de-
formation. Doodson's expansion of the tide generating potential is used to
represent the lunisolar torques., Both the magnitudes and the rates of change
of perturbations in the Earth's inertia tensor are included in the dynamical
equations for the polar motion so as to account for rotational and tidal
deformation,

It is found that in a deformable Earth with Love's number k = 0,29, the
angular momentum vector departs by as much as 20 cm from the rotation axis
rather than remaining within 1 or 2 c¢m as it would in a rigid Earth, This 20cm
separation is significant in the interpretation of sub-meter polar motion obhser-
vations because it necessitates an additional coordinate fransformation in order
to remove what would otherwise be a 20 em error source in the conversion be-
tween inertial and terrestrial reference systems.
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DIURNAL POLAR MOTION

1. INTRODUCTION

Interaction of the lunar and solar tidal potentials with the Earth's equatorial
bulge generates torques on the Earth. Besides producing the well known phenom-
ena of astronomical precession and nutation the lunisolar torques cause the rota-
tion pole to travel within the Earth in a nearly diurnal epicycle which has a radius
that varies from a few centimeters to 2 maximum of 62 ecm. The diurnal motion
of the rotation pole is superimposed upon longer period motions consisting mainly
of the 14 month Chandler wobble and the annual and semiannual polar motion.

Unlike the Chandler, annual and semiannual motions the diurnal motion of the
pole has not been observed conclusively because of its comparatively small ampli-
tude and high frequency. The astronomical methods for observing polar motion
have uncertainties that are about equal to the amplitude of the diurnal polar motion
and are able to produce pole pogitions only at 2 to 5 day intervals. Laser tracking
of artificial satellites is now able to give pole positions at intervals of 6 hours
[Smith et al., 1972], thus providing an opportunity to observe diurnal motion of
the rotation axis within the Earth, The satellite observations have noise levels
of about 1 m and it is expected that observational uncertainties can be reduced
to 10 cm in the future.

In order to interpret polar motion observations with sub-meter noise levels
it is necessary to model the diurnal motion of the pole, Woolard [19531 derived
expressions for the diurnal polar motion in a rigid Earth. His results do not in-
clude the effects of rotational and tidal deformation and the effect of the lunar and
solar mean motion upon the coefficients in the diurnal polar motion terms is
neglected. Melchior and Geeris [1968] use Doodson's [1922] expansion of the
tide generating potential in order to obtain expressions for the lunisolar torques.
The effect of mean motion of the disturbing bodies upon the diurnal polar motion
is included as a s2cond order correction, Their dynamical equations for the polar
motion are for the case of a rigid Earth and do not include the effects of rotational
and tidal deformation.

The theory of diurnal polar motion presented here is for the case of a deform-
able Earth, The response of the Earth to deforming potentials is characterized
by Love's number k [ Love, 1911). Terms involving both the magnitudes and the
rates of change of perturbations in the Earth's inertia tensor are included in the
dynamical equations for the polar motion so as to account for the rotational and



tidal deformation. Doodson's expansion of the tide generating potential is used

to represent the lunisolar torques, and mean motion of the tide generating bodies
is included in the solution. The polar motion due to lunisolar torques is combined
analytically with that due to rotational and tidal deformation in order to form a
single set of coefficients for the diurnal polar motion, These coefficients along
with the corresponding tesseral diurnal tidal arguments are arranged in tabular
form so as to permit rapid computer evaluation of the diurnal polar motion at

any instant of time and for a given Love number and set of astronomical constants.

In addition to the results giving the motion of the rotation pole, solutions are
obtained for the diurnal motion within the Earth of the angular momentum vector
or principal axis of inertia, It is found that, in a deformable Earth, the angular
momentum vector departs by as much as 20 cm from the rotation axis rather
than remaining within 1 or 2 ¢m as it would if the Earth were rigid. The pre-
cession-nutation theory represented in the Explanatory Supplement to the Ameri-
can Ephemeris and Nautical Almanac [ 1961, p, 44] includes only the 1 to 2 cm
rigid-Earth correction for the departure of the rotation axis from the angular
momentum vector. An actual separation of 20 cm is significant in the interpre-
tation of sub-meter polar motion observations because it necessitates an addi-
tional coordinate transformation in order to remove what would otherwise be a
20 ¢m error source in the conversion between inertial and terrestrial reference
systems, Three alternative methods for making the additional coordinate trans-
formation are discussed in detail. Each method makes use of tabulated coeffi-
cients and arguments and can be readily programmed for use on an automatic
computer,

Woolard's theory of precession and nutation gives the best available repre-
sentation for the direction of the Earth's angular momentum vector in space.
The diurnal polar motion theory presented here must be used in conjunction
with such a precession-nutation model in order to give the orientation an
observatory-fixed terrestrial reference frame, It is important that Woolard's
results be understood in the context of the present development and, for this
reason, a discussion of his method of solution is included.



2. POLAR MOTION DYNAMICS

, The rotational motion of a general mass dlstrlbutlon M is descrlbed by
Liouville's equatmn

L =B s, o B ey
where ' o | -
Ho=1,; @ +h ' _ - {2.2)
= J‘ (%, %, Sii -, xj)'dm ' (2.3)
b= [ % & dn : (2.4)
M

Repeated indices indicate summation. The subscripts (i =1, 2, 3) refer to a set
of axes (X, y, z) having their origin at the center of mass and an angular velocity
with components w, . L and H denote components of the net external torque
and the angular momentum respectwely I,. is the inertia tensor. h,; is the
part of H, arising from motion relative to the X, ¥, z system,

Although Liouville's equation is valid in any coordinate system, the axes
shown in Figure (2.1) are especially useful for geophysical problems. The x, y,
z system is attached to a set of terrestrial observatories in some prescribed
manner. The x and y axes define the Earth's equator a.nd the z axis is placed so0
as to remain nearly aligned with the rotation axis.

The following perturbation scheme due to Munk and Macdonald [1960 p. 38]
serves to simplify Liouville's equation.

A+ Cul €12 €13
I, = <, A+ cy, Coy (2.5)
| 13 €23 C+ Cas_
@ =m 0 (2.6)
w, = m, Q - (2.7)
w, = (1 +my)Q {2.8)
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90° EAST

Figure 2.1. Terrestrial Ceordinate System.

For the Earth, the quantities m, h, /CQ, and e, /C are of order 10°% or smaller.
Neglecting second order terms in the small quantities therefore produces first
order equations for the polar motion that are exact to about one part in 105. Sub-
stitution of (2.5) through {2.8) into (2.1) gives

L1 =A11'119+C13Q+h1

+m2(C-A)Q2 -023!'2:2 -h2Q (2.9)

L2 :A:;120+6239+h2

-m(C-AP +c P +h O (2.10)

L,=¢&,0+Cm,0+h, (2.11)

3

Equations (2.9) and (2.10) are written as a single complex equation in the form

m=i o, (m - ) (2.12)



where

i=v-1 ‘ (2.13)
m=m +1im, | (2.14)
o =(C-AQ/A (2.15)

The polar motion excitation function ¢ is

¢: iL n C _ ié
(C-A2 C-A (C-A)Q

b in (2.16)
where
b= iy, (2.17)
L=L, +iL, (2.18)
C=Cpy 4 1Cy, (2.19)
h=h +ih, (2.20)
Equation (2.11) is rewritten as
L, &, h

3 33 3
_ 3 33 3 2.21
™ T T ¢ Tca (2.21)

The complex form of the polar motion equation makes solutions easier fo
visualize. For example, if there is no excitation then / = 0 and the solution to
(2.12) is

e T _ (2.22)
The motion is a counterclockwise circular path about the origin as shown in

Figure (2.2). This "free" or "Eulerian' motion has a period of 10 months. Its
amplitude and phase are determined by the initial condition



m(0) =m, (2.23)

where m is a complex constant of integration.

Figure 2.2. Eulerian Motion of the Pole.

The first order expansion of the angular momentum vector is

H=A0m + {c +h (2.24)
Hy, = CQ(1 + m}) +«:3_,'Q+h3 (2.25)

where
H=H +iH, (2.26)

The direction cosines of the rotation axis and the angular momentum vector are

-
e

=
|

= (m,, m, 1) (2.27)



. (El_ E?_ 1)' | ' (2.28)

in which second order terms are omitted. The complex numbers m and H/C{}
represent equatorial projections of unit vectors directed along the rotation axis
and the angular momentum vector respectively.



3. POLAR MOTION KINEMATICS

It is necessary to define a set of coordinates to relate the terrestrial axes
X, ¥, z to a set of inertial axes X, Y, Z. For this purpose Woolard [1953, p. 15]
defines the Euler angles shown in Figure (3.1). The XY plane is that of the
ecliptic at a prescribed epoch. The angle  is the longitude of the equinox "T’m
and is measured in the ecliptic of epoch eastward from X. The obliquity of the
ecliptic is denoted by ¢. The Earth's diurnal rotation is described by the angle
¢, which is measured eastward from ET°1E fo the x axis.

Z
1
¥4
POw
é
8
3 Y
g Y
Tie
v 6
X
g ¢
§ X

Figure 3.1. Euler Angles.

The rates of change of the Euler angles are related to the angulér velocity
components by Euler's kinematic equations,



Q;sin@:-cdl sin ¢ - w, cos ¢ (3.1)
g == @ cos &+ w, sin ¢ (3.2)
55:603 -} cos 8 (3.3)

Equations (3.1) and (3.2) are expressed in complex form as
2 +1i Jisin g=-Omei? (3.4)

A direction cosine vector U which is nearly aligned with the z axis can be
described by the perturbations §¢ and 8¢ in the Euler angles as shown in Fig-
ure {3.2). In order to relate the Euler angle perturbations to the direction
cosines u. s it is convenient to introduce the node axes &, n, { shown in Figure
(3.3). The ¢ axis points toward the equinox T’ . and the 5 axis lies in the
~ equator 90° to the east. The { axis coincides with z. Neglecting second order

terms in & and §6, the node axis components of U are

Ug =~ Sy sin & {3.5)

= 3.6
u, 560 (3.6)

The Euler angle perturbations are defined in the sense
Sy =g -y (3.7)

$50=8 -8 (3.8)

-
u

The x and y components of U are related to the node axis components by
ug + iu, = el? (u_ 4 iu) (3.9)
Combining (3.9), (3.5), and (3.6) gives

86 + iSHLl Si_.n 9 el ieiqb ;(ux + i‘.uy) (3-10)



Figure 3.2. Euler Angle Perturbations

z f c'z

Figure 3.3. Node Axis Components of a Unit Vector Related to
Euler Angle Perturbations.
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4. LUNISOLAR TORQUES ON THE EARTH

The torque exerted on the Earth by a point-mass disturbing body with geo-
centric position r and mass m, is

av
L, =- €ijk Ma Tqj (arm) (4.1)

The Earth's gravitational potential V is defined as the integral |

Gdm o
T

l—ﬂ
I'd—l'

V= (4.2)

over all mass elements dm located at positions T w1th1n the Earth. Vis ex-
panded in terms of Legendre functions as

_ Gmg R LA\
_..IT 1- Z J, (r—) P (sin ¢,)

n=2

Z Z ( ) P‘“(31n ¢,) (C.. cosmA,

+8 sinmay) S a {4.3)

The coordinates r,, ¢,, and A, of the disturbing body are shown in Figure (4.1).
Pm(u) is the Legendre associated function of degree n and order m defined by

..... . Pr(uy = (1 -2y 9 e () 4.4y
, 7

where the P_(u) are Legendre's polynomials,

1] 2_ ¥
P()“%;——w(“2> (4.5)

11



Figure 4.1. Disturbing Body Coordinates

The torque components in the %, y, z system are

_ VY . My ovy .
L =-m, (&?‘j—)SLn Ay + o5 4, (_é?x_d) sin ¢, cos Ay

E)Y Ma 9V Y} . .
L, =m, (-égd—> cos /\d+c——o-s—d (5;:;)51“135(1 sin Ay 4.7}

L, = (4.8)

L]
)
=]
[« %
*J,}
>
a |
S

The second degree zonal term in V is larger by a factor of 103 than the higher
degree zonal terms and the longitude dependent terms. Therefore, only the J2

12



term is retained for the purpose of computing torques. This simplifies the ex-
pressions for the equatorial torques L, and L, and results in zero torque about
the z axis. The torques arising from the J, term are

Gmp, . ag\’ 1, .
Ll :"-;_--—- md s51Nn )\.d r—— J2 P2 (Sln ¢d) (4'9)
d d
Gmg, ag\’ 1,
L,= “;"‘md. cos )\d = I, P2 (sin qbd) {(4.10)
d d
L.=0 ' (4.11)

In order to use expressions (4.9) and {4.10) in the analysis of polar motion
dynamics, the indicated functions of the disturbing body coordinates must be
known as explicit functions of time. The time dependence of the lunar and solar
coordinates is contained in Equation (A.22) which represents Doodson's expan-
sion of the tide generating potential. A formal spherical harmonic expansion of
the tide generating potential is compared with (A.22) in order {o determine the
time dependence of the functions appearing in (4.9) and (4.10).

The tide generating potential is
[s+]
Gmd r\n
=— ? —\| P {(cos ¥, (4.12)
r r n d
d n=2 af

The local zenith angle + 4 of the disturhing body is given in terms of local lati-
tude ¢ and longitude ) by

cos ’yd:sinqbsin ¢, + cos ¢ cos P, cos(A = A) (4.13)

Equation {4.13) is substituted into (4.12} to obtain

Gm = o n
U=—¢ Z Z =) W, Pi(sin @) Ph(sin §,) cosm(r = A,)  (414)
d n=2 m=0 d

13



where

_2(n - m)!

= T @2 (4.16)

w,o=1 (4.186)

Linear independence of the spherical harmonic functions,

" P (sin &) {Z:} mA (4.17)

implies that the corresponding coefficients in (4.14) and (A.22) are equal. Thus,

1 \nt1 . cos
(——) W _Pl(sind,) mA

I'd S1n

_f1yn cos "
) (E) Z Aomia {sin}[" wt~f - (n-m 5} 4.18)
]

Equation (4.18) is used to write (4.9) and (4.10) in the form

Gm,
- _d 2
L =-3 ol 1, Z Ay, cos(wt + £) (4.19)
i
Gm, » .
L, = SFmE a: I, Z Azlj 51n(wjt +j3j) (4.20)
d i

The complex form (2.18) of the torque is

L= E A e O EED (4.21)
]
i

14



where

Gm o C '
- d 2 .
Aj =3 ——;—mE ar J2 Anj . (4.22)

C4
In evaluating the torques, the variations in.J, due to rotational and tidal deforma-
tion are neglected. From (5.16) with C,; =0,

) C-A
I, = _ (4.23)
. omgag
and (4.22) is written as
Gm,,
A == 3;;_ (C-A) Ay, (4.24)

d

15



5, TIME VARIATIONS IN THE GEOPOTENTIAL AND IN THE
INERTIA TENSOR DUE TO ROTATIONAL AND TIDAL
DEFORMATION OF THE EARTH

The Earth deforms as a result of tidal forces and the centrifugal force that
arises from its spin about a shifting axis of rotation. Such deformations enter
into the polar motion excitation function ¢ of Equation (2.16) and into the right
hand side of (2.21) by causing variations in the inertia tensor perturbations C, s
C,q and c¢,.. In order to write formulas for the inertia tensor pertfurbations,
the parts of the Earth's gravitational potential due to rotational and tidal defor-
mation are first found as functions of time. The inertia tensor perturbations
are then related to the geopotential coefficients by Equations (D.13) through
{D.17) and (D.26).

The Earth's rotation axis moves relative fo the ferrestrial reference frame
X, ¥» % of Figure (2.1). The resulting centrifugal force exerted on a mass ele-
ment having the position vector r shown in Figure (5.1) is derivable from the
rotational disturbing potential

% |&x T2 (5.1)
The components of @ are, from (2.6) through (2.8),
m 2, m,Q, (1 +m) 0 (5.2)

in which ( is constant and the m. are of order 106, Neglecting second order
terms in the m., the rotational disturbing potential (5.1) is written as

%rzﬂz [1-P, (sin ¢)]

+-§—r2§22 m, [1 - P,(sin &)]

_%’_rzﬂz (m, cos A +m, sin A) P;(sin b) (5.3)

16



Y
-

Figure 5.1. Generation of the
Rotatienal Disturbing Potential

The Earth responds by deforming so as to change its external potential by the
amount

1 ags
Vp = -Eks al (2 - P,(sin ¢)

r

3
a
...?;_k a?(Pm, (.E> P,(sin ¢)

3
1 2 A2 aE . 1 . .
-gkaEQ (T) (m, cos A +m, sin A) Py(sin ¢) (5.4)

The "secular” or constant part of the response takes place at a vanishingly small
frequency and is therefore written in terms of the secular Love number k_ [Munk
and Macdonald, 1960, p. 25]. The second and third terms on the right hand side
of (5.4) represent response occuring at frequencies associated with the polar

17



motion and are given in terms of the "tidal-effective" Love number K [ Munk
and Macdonald, 1960, p. 27].

The tide generating potential evaluated at r = a is, from (A.22),

Gm = L
UGag o 1y = ) ) éf)n P®(sin ¢)-
n=2 =0

1 7
. Z Anmi cos l}ujt +,8j +mMA 4 (n—m)-:?-:| (5.5)
j . .

The second degree zonal part of (5.5) contains one lunar and one solar term for
which

w, t + 5. =0 (5.6)

“SEC. Jsec.

The response to the secular part of U is given in terms of ks rather than k. The
external potential arising from response to the tide generating potential is

Gm a \2 fa\3
_ d E E .
VTD -7 <4 ks (C_d> (?) P2 (Slnqb) A2ojsec.
Gm il n a \°*l fa
32 E E k. <—E> (-Ej P" (sin ¢) -
C, r C n
- n=2 m=0

. Z Anmj cos [mjt +ﬁj +mA 4+ {n -m)g:l (5.7)

i sec.

The external gravitational potential of the Earth-is expanded as

G - n
V:——E 1- 5_\ T, (ia) P (sin ¢)
Ar

[ue) n n
a
+ E E (r_E) Ph(sin ¢) (C  cosmA + S, sinmi)
n=2

m=1

(5.8)

18



The second degree zonal part of V is set equal to the combined zonal terms
in (5.4) and (5.7)

Gm a ¥ fa 3
4 E ( ¥ .
-_—k = P ; .
e, ° (cd) r) p(sin ¢) Am‘sec.

. Z Ayp; COS (o t + Bj) (5.9)

i%i

sec.

The inertia tensor perturbations corresponding to J, are found from Equations
(D.13) through (D.17) and Equation (D.26), which take the form

C-A, 2€33 = Sy ~ gy -1, (5.10)
mEag 2"‘1-:3123

Cy2 =Sy =0 (5.11)

12 =0 | (5.12)

c 3 =0 (5.13)

Cpy =0 (5.14)

C;y +Cyy +C33=0 {5.15)

19



Equations (5.15) and (5.10} are combined to give

-1, (5.16)

The first term on the right hand side of (5.9) is identified with the term
(C-A)/mE ag in J,. This effectively defines the secular Love number in terms
of C-A as

k =30€-8 (5.17)
ag 2

The remaining terms on the right hand side of (5.9) are associated with the
inertia perturbation Cyy The part of Cyy due to rotational deformation is

k{Pm_ ad
4 3“E
c _a 3 E 5.18
pp 9 G ( )
Equation (5.18) is written in terms of the secular Love number as
4k
C33RD = ?k_s (C-A)ym, (5.19)
The tidal contribution to C,, is
5
2 My 8g
c =—k A
33TD 3 s C3 20 sec
d
2, My ap .5. : (5.20)
+§k ; Amj cos (w; t +BJ.)
Ca 7

5ec.

Equations (5.11) through (5.15) give the remaining perturbations in the inertia
tensor as

(5.21)
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(5.22)

The second degree tesseral part of V is set equal to a constant term char-
acterized by the fixed coefficients C,;, and 8,, plus time varying terms from
(6.4) and (5.7) due to rotational and tidal deformation.

Gm_ fa_\2 C., cos A
E (“E . 21
—— =] P
r (r) 2(s1nq5) {Szi sin }\}
2 , C A
5 (3 by ety {0
r \r/ 2 S,, sinA

Zlc

1, , aE3 ) m, cos A
_.3_kaEQ2 (?) P12($1n qb){m sin A

2
G 3 2
_&k (i‘.g) (flf:) 1312 (sin @)+
Cq T} \%
Z A sin(mjt +/5’j)cos)\} 5.3
' 21j cos(wjt +Bj) sin A (5.23)
]

In the case of a second degree tesseral potential, the inertia tensor relations are

13
C,y = - (5.24)
Mg aé
€3
S,y = - ‘ (5.25)
mg a2

The inertia tensor perturbations due to rotational deformation are

=K

3y, =1 C- A my - (5.26)
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In complex form,

RD

where

The tidal perturbations in the inertia tensor are

kma
Cl ZA Sln(wt+ﬁ)

where

The constant inertia perturbations are

‘13, = " Mg ag Cyy
0230 = - mg aE S
In complex form,
- _ 2 i
Co = ~Mgag (C21c * SZlc)
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(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)



where

c,=c¢C +ic (5.37)
0

The inertia tensor perturbations ¢ 11', C,, and ¢ 13 do not enter explicitly
into the excitation function (2.16) and therefore they have no direct effect on the
polar motion. The lunisolar torques, however, depend ultimately upon every
term in the geopotential. Before neglecting all but the J, term for the purpose
of evaluating the lunisolar torques, it is necessary to know the magnitude of the
rotational and tidal contributions to the C,, and 8., terms in the geopotential.

The second degree sectorial term of V is set equal to a constant part plus
a time varying part due to tidal deformation.

2
Gm, a_E P2(sin g C,, cos 2A
r r 2 S,, sin 2A
' G, aE2 , ' C,, cos 2X
-_E[E)p . c .
r r 2(sin 2 S,, sin 2A
[~
Gm 5\ fa
+_C_ﬂk (TE> (-EE> P2(sin ¢)
d d

cos(w, +,B. cos 2A
: Z A JCOE A (5.38)
I N sin(a, +[3].) sin 2X
j

In the case of a second degree sectorial potential, Equations (D.13) through
(D.17) and (D.26) take the form

C - C
C,, =221 (5.39)
4mgag
C
12 '
522 = - ; (5.40)
Qm}_‘:aE
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2033 ¢y =€y =0
¢3=0
Cy3 = 0

Cpp + €93 1 C33=0

Relations (5.41) and (5.44) give

C33=0
C11 == €y
From (5.39),
C
C,y = 22
2m_a2
E

The tidal perturbations in the inertia tensor are

2kma
Cyy ==cn ZAjcos(cut+,6)

2km a
C12 ZA .31n(wt+ﬁ)

3
Cd
The constant inertia tensor perturbations are

- 2
0 2mE ag sz

_ 2
= =2mgag §,,
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(5.42)
(5.43)

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)

(5.51)



6. POLAR MOTION IN A RIGID EARTH WITH LUNISOLAR TORQUES

The polar motion excitation function due to lunisolar torques is, from {2.16),

g o=l (6.1)
(C-A) P

where the complex torque L is given by {4.21).

In a rigid Earth there is no rotational or tidal deformation to affect the
inertia tensor, but constant products of inertia still enter into the exeitation
function (2.18). The excitation due to the constant products of inertia c, of
Equation {5.36} is

Vo = oo (6.2)
The differential equation (2.12) for the polar motion takes the form

C iA -1 i .
f=io fm-—° _Z Bk B b (6.3)
C-4 (C - Ay 2

i

where Aj is given by (4.24). The general solution for the position of the rotation
axis is

iog_t Ca 1A =ifmw, t+8.)
m=m,e T ; —_—_— P 6.4
0 +C—A+ZAQ(wj+ar)e (6.4)

The complex constant of integration m, may be written in terms of an amplitude
7, and a phase I'y as
il ‘
mg =Y € © (6.5)
The axis of figure in a rigid Earth remains fixed relative to the x, y, z
coordinate system. From Equation {E.9), the axis of figure is

e = (6-8)
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The direction cosines of the angular momentum vector are found by substi-
tuting the solution (6.4) for m into Equation (2.24).

H A ic.t S
-— — e
ca co oA
iA, -i(w, tt8.
R > ety (6.7)
: CQ(a)j +Ur)

]

The solutions for the rotation axis, the axis of figure and the angular
momentum vector are shown in Figure (6.1). The axis of figure is fixed in the
X, y plane. The constant m  represents the initial displacement of the Eulerian
pole from the axis of figure. The Eulerian pole moves in a counterclockwise
circular path about the axis of figure, completing one cycle in a period of
2'.'7/0'r T 10 months. Lunisolar excitation causes the rotation axis to move in a
clockwise epicycle about the Eulerian pole position, Only one term of the sum-
mation in (6.4) is represented by the circular epicycle shown in Figure (6.1).
The frequencies w, are grouped around the siderial frequency of 15.04107 de-
grees per hour and lie in the range

11.76554 deg. hr.”™! g w < 17.69937 deg. hr.™! (6.8)

The different terms alternately reinforce and cancel one another so that the
rotation axis follows a path like the one shown in Figure (6.2). The amplitude
of the nearly diurnal epicycle reaches about 62 cm when the principal terms
are in phase.

Ultimately it is necessary to locate the rotation axis, the axis of figure and
the z axis of the "observatory-fixed'" x, y, z system relative to inertially directed
axes. The position of a particular axis in inertial space is specified by the Euler
angles ¢ and y defined in Figure (3.1). The Euler angles for the angular
momentum vector obtained by integrating Poisson's equations [Woolard, 1953,

p. 34] are denoted by ¢, and y, . The Euler angles 6 and _ for the rotation
axis are given in complex form by

8 +iy¢ sinf=6

. By + :'L'J;H sinf + %6 _+ 18 sind {6.9)

where, from the kinematical relationship (3.10),

86, +18), sinf=- iei? (m—é%—) (6.10)
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The Euler angle perturbations for the axis of figure and the terrestrial z axis

are given respectively by

86, + 18 sin0=-ie GF‘EHE>

. . . i¢ H
56 5 6 =iel®——
, +1 8¢ sin ie oo

Substitution of (6.4), (6.6) and (6.7) into (6.10), (6.11) and (6.12) gives

C

C-A A, ~i(w, 43, ~b)
+ = E — e T
C . Aﬂ(wj, + Ur) .

j-

- i +
06 +idy sinf=-1t (C )moe(art #

. . . i(o tté
50, + 10y, Slné’:L%moe(Ur )

Z AJ- -i(w, t+d, =)
- —— @ ] J
. C.Q(wj +o,)

}

. : LA i(er ttp)y [ i
56z+18¢251n6’._1-(—:m0e r +1(C*>e

z : A i (w, t4+5, ~b)
- [ S 1 1
. CQ(mj + O'r)

]

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

The arguments @ t+ ,Bj , and w__t 4 3. _ correspondingly to certain pairs
of distinct indices j+ and j- are symmetric with respect to the Greenwich mean

sidereal hour angle ¢, inthe sense that

28



mj+t+/8,'+:(¢m +7T)+a‘j (6'16)
a)j_t + ﬁj_ = (dJM + 7Y = a, (6.17)

where a, denotes a linear combination of Doodson's standard variables defined
by Equation (B.13). The Euler angle perfurbations (6.13) through (6.15} contain
sums of the general form

E A e 4T (6.18)
h)

]
congidered in Appendix F. The terms in (F.5) that contain sin (¢, - ¢) involve
products of the small difference (¢, - ¢) given by Equation (C.5) with factors the
size of the Euler angle perturbations themselves. The sin By ¢) terms are
neglected and the resulting expressions are

Sér =%, (CE ) éln(art + b4 F“O) )

Sy sin 8= =7, (CE

C - 1 A;+ A,‘— .
=2 - , 6.20
+Z (C)AQ (w.*,+0’r W+, S0 ( )

i ]

)cos (o-rt ++ I_'O)

SE»‘f = - 70% sin(o,t + b+ 1_'0)

1 A, A_
£ E — ! + ! cos a, (6.21)
Ch \w,y +0, w_+0, i

P r
]
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Sgbf sin & = 'yo%cos(orrt + ¢+ FO)

1 A, A _
- E — iz ) sin a, (6.22)
cQ Wiy tO, @0 i

i

A
352 = —70651n(0'rt + +r0)

a3, c130 ‘
-\coa cos ¢ - C_A sin ¢

1 A, A _
+ —_— ! + = COS a. .(6-23}
Z CcQ Wy + 0, w0, i

8y, sin £ :yO%cos(crrt + P l_'o)

RER Czso
+ o cos ¢ - cTA sing

1 Aj+ A}.;
- ? o - sin a, (6.24)
cO W+, w40 }

- r
}
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7. POLAR MOTION IN A DEFORMABLE EARTH WITH LUNISOLAR
TORQUES AND TIDAL DEFORMATION

The polar motion excitation functions due to lunisolar torques and to the
constant part of the inertia tensor perturbations are

%=——§;_ (7.1)
(C-A) M2
and
<
Yo=ETa (7.2)

respectively, where L-is given by (4.21) and c:0 is given by (5.36). In a rigid
Earth y; and y, are the only sources of excitation and their effects are con-
sidered in Section 6. ' E

‘ In a non-rigid Earth rotational deformation gives rise to the products of
inertia cp, given by (5.28) and tidal deformation causes the products of inertia
¢,p given by (5.32). The excitation functions due to rotational and tidal defor-
mation are, from (2.16), '

‘v i éRD '
= -— 7.3
Yro C-A OC-A (7.3)

D (7.4)

The rotation pole m satisfies (2.12), which takes the form

Iﬁ:io—r(m_Lpg—LpL-HbRD-(lbm) (7'5)

Substituting for ¢, from (5.28) into (7.3) gives

k

o~

k
HbRD:E;mh
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Since Y, contains terms in m and m, it is necessary to modify the form of {7.5).
Equation (7.5) becomes

io
r

m=io,m- (1 o, k) (Yo + ¥ + gD (7.7)
+

0 k,
) (7.8)

where

[y

3
vk
9] k,
Separate solutions of (7.7) are first obtained for each of the excitations Yo s

i » and o . These solutions are then combined with the free motion to form
the complete solution. The solution due to Py is

C

)

Meixed products —-—k— (7.9)
of inertia -
()
The polar motion due to lunisolar torques is
iA. NYCR ,
m, . = Z Qi@ A (7.10)
lunisolar o k
torques i (1 +ﬁ{k_a>AQ(w +cr)
The coefficients Aj are given by (4.24),
d
Aj =-3 > (C--A)A21j {7.11)

d

and the A,;; are related to Doodson's coefficients by Equation (A.23). The
solution due to tidal deformation is
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io} . —-i(w, t ﬁ_)
Meidar = 2 = kAT’ e T (7.12)
def ati i r
eform i10on ] (1 +__£)_ I_(_;) (mj + 0.0)

T B A0 A S ) DY 7.13
Ay Ele3/) (C-A] \q) "2 (7-13)
3 ‘

The frequency n; is defined as

where

n; =0 -w (7.14)

and is related to Doodson's arguments by qui-ation (B.14). The free motion is

ior

Ot
=m, e _ (7.15)

mfree
where m; is a complex constant of integration which is written in terms of its
amplitude 7, and phase Fo as

my = yge (7.16)

It is useful to make some obgervations about the separate solutions before
combining them to form the complete solution. If the Love humber k is zero,
Equations (7.9), (7.10) and (7.15) reduce to the corresponding terms in (6.4) for
a rigid Earth, and the polar motion (7 -12) due to tidal deformation vanishes.
Each coefficient Az; 1s proportional to the angular rate n by which the fre-
quency of the jth tidal component differs from the Earth's rotation rate. When
@ = {1, the jth tidal component stands still in space and has no effect on the
polar motion. The period of the free motion is lengthened by rotational defor-
mation from 10 months to 27/c, ¥ 14 months.

Tidal deformation produces polar motion having components with the same
frequencies as those for the motion excited by lunisolar torques. The ratio of
the jth coefficient in (7.12) to the corresponding coefficient in (7.10) is

n,

Q

(7.17)

M, tidal déformation

(™

R

jo lunisolar torques
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Equation (7.17) shows that the motion due to tidal deformation is smaller than

that due to lunisolar torques and directed in the opposite sense.

The solutions (7.9), (7.10), (7.12) and (7.15) are combined to give

AQ?

Co
iogt C-A Z i
m=m, e + +
i

where

_$_k>
aQ k
- |

where ¢ is the total of all perturbations in the inertia tensor.

€=C3 +Crp t C1p

The motion of the axis of figure due solely to rotational deformation is

RD:ﬁ __k_ +k
k!
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iRA

€o
Y B
s ° : ks A2 IRA
1

(7.18)

(7.19)

(7.20)

(7.21)

(7.22)

(7.23)



The motion of the axis of figure due to tidal deformation alone is

b = o | A (7.24)

Substituting for ¢, from (5.32) into (7.23) and making use of (7.11) and (5.17)
gives. ' o ‘ _ ‘

: ' A -i(e, ;
Y = Z-i.‘i_’__e SRR (7.25)
™ J_ k, 02 (c-A) _

The appearance of C-A in the denominator of (7.25) causes each term in ¢fm to
be much larger than the corresponding term iny, . The jth terms of (7.25) and
(7.23) have the ratio KD

f. . .
Lp jo tidal deformation - _ (C TA> 2 +H (7.26)
fj, rotaticnal deformation (; +.ml_E.>

The tidal effect is therefore oppositely directed from the rotational effect and
about 300 times larger. In terms of displacement at the Earth's surface, the
amplitudes are of order

|, | ~60m (7.27)

j, tidal deformation

and

|¢ ~ 20 an (7.28)

fj, rotational deformation
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The combined motion of the axis of figure is, from (7.23) and (7.25),

Co
_\C-A ko iogt Z ik “L@EB) n og
b = (1 k) T, M© R0o, &, M © I
- L - .
ks
_ (wj) -
where
A A\

i k
k, (7.30)
AR @,
ey
( I'l]. k) + .Q
— Q ks

When k = 0, the solution (7.30) reduces to that given by (6.6) for a rigid Earth,

—t

The direction cosines (2.28) of the angular momentum vector are found by
substituting the solution {7.18) for m into Equation (2.24).

H _ (C A) C-—-A k ic"ot
o~/ _x + . C / Kk | To°
(-5 b ’
=i(@, t+8.)
F Z C 02 ( “_) Ajee 7 (7.31)

j ]
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where

A
. - v ]
A= - (7.32)
(Q_J) o
Ay aaemse— e
0%/
L. st —

The factor (1-k/k_) ¥ 2/3 in the summation term of (7.31) causes the diurnal
terms for the angular momentum vector to be only 2/3 the size of the corre-
sponding terms in the motion of the rotation axis. The result is that the angular
momentum vector and the rotation axis are separated by as much as 1/3 x 62 cm,
or 21 cm, instead of remaining within 1 or 2 em of each other as they do in the
case of a rigid Earth.

The solutions for m, ¢ , and H/C{ are shown in Figure (7.1). The fixed
pole ¥ is defined by

0
_\C - A)
Y- s {(7.33)

An interesting consequence of Equation (2.24) is

H
cQ

-y, :%(m_%) (7.34)

so that the angular momentum vector, the axis of rotation and the axis of figure
all lie in the same plane, for either a rigid or a deformable Earth.

In the case 6f a deformable Earth, the Euler angle perturbations defined by
Equations (6.10) through (6.12) are
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50, + 18y, sinf = i

( k) (g t+)

-— Ime

k Y]

3o ) e
s AQo C k. \C
]

. —i(w.t+,8.—q5) .36
A e (9 (7.36)

O

. . . \C - A) : .| A C-A\k i(o, ttd)
86, + idy, sinf = i _(.._.__— eid _— ( )_ 0
2 +1[C+ c /% M ©

_ Z 1 __‘E) A e H(@HETH (7.37)
c2 k. /] lan

M 3
]

The Euler angle perturbations contain sums of the form

Z Re (4T (7.38)

i
j

considered in Appendix F. The terms in Equation (F.5) that contain sin(¢ - ¢)
involve products of the small difference (¢, - ¢) given by (C.5) with factors the
size of the Euler angle perturbations themselves. The sin (¢, - ¢) terms are
therefore of second order. When they are neglected the resu“iting expressions
for the Euler angle perturbations are
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- k .
80 _ = (QEA) (1 -r)')fu sin(o;t + ¢+ 1)

) C-A\ k /A T
+Ai'm [( = )+E(E—-é—):]}cos o, (7.39)

- A [(C;A) %{s (%-%ﬂ}si“ a, (7.40)

k .
(1—-k——>’)/0 51n(’crot + ¢+ 1"[}‘)

s

C-A kA -
+ Ajhm[< C ) +k—S (_é —?’)]}cns a, (7.41)
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. 1 A C-AY} Lk
8y sin O = * (—«———)—-— % cos(aot+q’>+ro)

13 ¢
()25

8

1 (- &
- 1 -Zya - ;
: cm( ks)[”m Ai_w} R
]

The arguments o; are defined by Equation (B.13).
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8, COMPARISON OF THE PRESENT THEORY WITH WOOLARD'S
DEVELOPMENT OF THE EULERIAN AND LUNISOLAR COR-
RECTION TERMS

Doodson's [1922] expansion of the tide generating potential is based upon
Brown's [1905] lunar theory and Newcomb's [1898] theory of the sun. Woolard
[1953] also uses the theories of Brown and Newcomb in his development of the
lunisolar precession and nutation. Since the solutions obtained in Sections 6 and
7 are derived using Doodson's expansion, they may be expected to agree closely
with Woolard's equations for the Eulerian and lunisolar correction terms. Wool-
ard's paper is devoted mainly to a very elegant analytical integration of Poisson's
equations in order to obtain the Euler angles 6’H and \,bH of the angular momentum
vector. No attempt is made here to comment on this part of his procedure. Of
primary interest are the corrections 86, and 8y, that must be added to & and
Yy in order to obtain the position of the observatory-fixed z axis.

Woolard assumes a rigid Earth, so his results must be compared with the
solutions for a rigid Earth in Section 6, or equivalently, with those of Section 7
after setting the Love number k equal to zero. In order to make a detailed com-
parison, Woolard's development of the Euler angle perturbations and the polar
motion coordinates is reproduced using the present notation. References to
equation numbers in Woolard's paper are of the form (1), (2), etc.

In a rigid Earth, the axis of figure remains fixed. Woolard takes advantage
of this at the outset by aligning the z axis of the terrestrial coordinate system
with the axis of figure. In Section 6, the axis of figure is given a fixed displace-
ment c,/(C-A) relative to the z axis, and a corresponding term is carried along
in the restatement of Woolard's equations for purposes of comparison.

Woolard begins by differentiating his form (3) of Euler's kinematic equations.
In the present notation, the kinematic equations are

6 + igﬂsin@ = - (mel® (8.1)

and their derivative is

d d
— (6 i— ' = - ie . Omicdel® 8.2)
a1 ?y+ 1 It (Y sin &) (me (mige (

The time derivative m is replaced using the dynamical equation,

M=o [m— % __ L ] (8.3)
C-A n¥c-a
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which is equivalent to Woolard's (6). Substitution of (8.3) into (8.2) gives

d s sodoe i i igL .
5(9)+1§;(¢ SLnH):—Qe¢1m(Ur+¢)—e¢-A-+ iel®

(8.4)

The derivative ¢ in (8.4) is eliminated using Euler's third kinematic relation,

W, :c15’+l,if'cos¢9

to

@y = (= constant

(8.5)

Since there are no torques about the z axis, the third dynamical equation reducés

(8.6)

The polar motion m on the right hand side of (8.4) is eliminated using (8.1). The

resulting expression is written as

4 i&sin@:-i_l‘“ii‘-[—(ép, idﬁ"t-(q}'sine)}

+ A 64y sino ‘J-/'cosé_coﬂei‘f’ g
cQ C

It is convenient to introduce the complex number y defined by
y=0 + iy sin0
In terms of y, Equation (8.7) is

2
COQ Qi

)'('-ic—fx+ix(ﬂ+d3'):—-l‘§ei¢+i

Equation (8.9) is equivalent to Woolard's {19).

(8.7)

(8.8)

(8.9)

Poisson's equations for the motion of the angular momentum vector are
stated as Woolard's Equation (30¢). In (8.9) the first and third terms on the left
“are neglected in comparison with the second to obtain Poisson's equations in

the form
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Yy = -l i d (8.10)

where the subscript H means that the corresponding Euler angles 9 and t,b
refer to the angular momentum vector.

The terms "'free’ or "Eulerian" motion refer to the motion that would occur
in the absence of the lunisolar torque I.. Woolard's derivation of the Eulerian

terms is discussed on pages 130 and 131 of his paper. The torque L is set equal
to zero and it is assumed that

b =0 (8.11)

in {8.9). Then

{8.12)

which is the same as Woolard's (52). The solution to (8.12) is

c_
=y ei(Cilmye _ 07 g (8.13)
X~ Xo C-A
in which ¥, 1s a complex constant of integration and the assumption (8.11) is
used for an approximate integration of the ¢, term. Equation (8.13) may be
written in terms of the polar motion m by making use of Euler's kinematic
equation (8.1) in the form

- Omei® (8.14)

The polar motion solution corresponding to (8.13) is

m:moei[(CQ/A)t—qS+¢(0)] + (8.15)

C-A

where

X i (8.16)
)



The assumption (8.11) implies that the Euler angle ¢ varies linearly with time.
Thus

¢ = Qt + H(0) (8.17)

Equation (8.17) is substituted into Equation (8.14) to obtain

m = .
moe +C-—A

which agrees exactly with the Eulerian terms in Equation (6.4).

It is of interest that Equation (8.18) is in complete agreement with the
Eulerian terms of (6.4) even though the assumption (8.11) is not used at all in
deriving (6.4) while it is used twice in deriving (8.18) from (8.9). To see what
is happening, Woolard's simplified differential equation (8.12) is written in polar
motion form as

c, O

m = i(or+Q—q§jm-i

(8.19)

Equation (8.19) differs from the Eulerian part of (6.3) by the inclusion of the
exiraneous ferm :

i(N-3)m (8.20)

If the term iy (02 —ci:) in (8.9) is retained at the outset, then the polar motion
form is

¢ 0
m = icrrm -1 %— (8.21})

which is identical with the Eulerian part of (6.3). Woolard's initial neglect of
the term iy ( (1- ¢) in simplifying (8.9) is effectively cancelled by his assump-
tion {8.17) of a linearly varying Euler angle ¢ .

In order to obtain the Euler angle perturbations, (8.10) is substituted for the
torque term in (8.9) and the latter equation is written as

_iA.. A . G A i
b'e YH—'E}("’EE}((Q“?S)‘“C—E (8.22)
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From the definition {8.8),

X - xq = 86, +i8f, sind (8.23)
where 36  and 3y are the perturbations that must be added to the Euler angles
of the angular momentum vector in order to obtain those of the z axis. The in-

tegrals of the ¥ and x¥ terms on the right hand side of (8.22) are added to the
integral of the Eulerian solution (8.13) to give

A
80+ idy_sin8 =K+ i%ei(CQ/A)t

<
4 i 2 eitferd(oy)

C-A
N A A ..
- i i - B.24
LeaX* e Jx(ﬂ $) dt ( }

In performing this integration, sine & is taken to be constant on the left hand side
and the assumption (8.11) is used for the c, term. Equation (8.24) is equivalent
to Woolard's Equations (53). Woolard's solution Xy of Poisson's equations is
then substituted for y in Equation (8.24) in order to obfain his expressions (54)
for 86, and 3¢ .

Woolard uses his solution for the Euler angle perturbations 8¢ and &y
in order to obtain the diurnal terms in the polar motion. From (2.24) the jth
diurnal term m, in the polar motion is related to the corresponding angular
momentum term by

H, = AQm, (8.25)

in the case of a rigid Earth with ¢, = 0. Substituting (8.25) into (6.12) gives

m o= - i%e""qb (862_ ¥ in,bz sin &) (8.26)
j i

which is the complex form of Woolard's (69). Woolard's Equations (70) for the
main diurnal polar motion terms are obtained by substituting his solution (54)
for the Euler angle perturbations into Equation {(8.26).
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The arguments in Woolard's diurnal polar motion expressions contain the
Euler angle ¢#. The arguments «;t +5,- in the polar motion solution (6.4) con-
tain the Greenwich mean sidereal time By instead of ¢ since, from (B.12),

wt + ,Gj = (B + )+ a, ‘ (8.27)

Woolard's polar motion equations contain ¢ in place of ¢, because the terms
involving sin{d, - @) are neglected in his Equation (54) for the Euler angle per-
turbations upon which the polar motion is based. The same approximation in-
volving the sin (c,bM - ¢) terms is made in deriving the Euler angle perturbations
of Section 6, but there the polar motion is found first rather than being based
upon the Euler angle perturbations as it is in Woolard's paper, and so the diffi-
culty does not arise. The diurnal part of the Euler angle perturbations 65 and
8y, is of the form : '

E (saz. + iy sin 9)' - > K o A (8.28)
i i

i : i

Substituting (8.27) for the argument gives

) (592. + 18, sin 9) e D) et (8-29)
J L]
: .

J

" The diurnal terms in Woolard's Equations (54) are equivalent to (8.29) with
(¢, - ¢) neglected. Substituting (8.29) with the G ¢#) term included into (8.26)
gives

. C ~ "i(¢M+ﬂ.) )
) m=if ) KT (8.30)

which contains ¢, in the arguments as it should. All terms involving the dif-
ference (¢, -¢) muliiplied by the polar motion components or the Euler angle
perturbations are of second order and are therefore negligible in numerical
computations. However, it is more exact as well as more straightforward to
use ¢, in the polar motion arguments instead of the Euler angie ¢.

The integral term in Equation (8.24) gives rise to the secular terms in
Woolard's Equation (54) for By and in his polar motion equation (70). This
integral term is effectively accounted for already by Woolard's use of the cor-
rect Bulerian solution (8.18) in place of {8.13) and therefore should not be
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included in (8.24) at all. Fortunately, the small size of the secular term makes
it negligible in numerical computations.

Of greater importance for numerical computations is the error inherent in
Woolard's procedure for combining the complementary and particular solutions
of the basic Equation (8.9). The nature of this error is readily determined by
obtaining the particular integral of (8.9) with the help of expansion (4.21) of the
lunisolar torque. Equation (8.9) is written as

X - i(o, + )y = —% ZAJ. e (Ut (8.31)
i

where o is given by (2.15). The particular integral of (8.31) is

iA, - -
Y= - E : o d L Mt (8.32)
: A(wj +o)
1
Woolard's procedure is to neglect the 5, term in (8.31) and solve for y to obtain
X
1A, - -
xT-) O A (8.33)
A + o)

The effect is to replace each tidal frequency w, in the coefficients of (8.33) by
the frequency ¢, thus neglecting the motion of the sun and moon. The frequency

P is
$=0-ycosd=[14+00107)0q (8.34)

so that solutions equivalent to Woolard's can be obtained to within 1 part in 107
by substituting

w = Q (8.35)
into the coefficients of the rigid-Earth formulas of Section 6. Equations (6.4)
and (6.7) with approximation (8.35) are used to obtain the coefficients given in
Table (8.1) for the diurnal motion of the rotation axis and the angular momentum
‘vector. The six largest terms in the diurnal polar motion given by Woolard's
Equations (70) correspond to the terms listed in Table (8.2). The amplitudes in
Table (8.2) agree to within the number of significant figures retained by Woolard,
thus providing a check on the rigid-Earth polar motion theory of Section 6.
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Table 8.1

Coefficients for the Diurnal Motion of the Rotation Axis,
the Axis of Figure and the Angular Momentum Vector in
a Rigid Earth with Wollard's Approximation;w, = (.

COEFFICIENTS IN SECONOS OF ARC
SIME FOR X-CAMPONENTS
COSINE FOR Y-CDMPOMENTS

INDEX TIDAL ARG.  DIST. CDEFFICIENTS OF ROTATIOM AXIS NF ANGULAR

CODE NUMBER BODY PHIM L LP . F D (M aAX1S8 . FIGURE . MOMENTUM

1 105,955 [ 1 -4 0 -2 0 -2 -0,0000018 0.0 —-0.0000014
2 107.755 M 1 -2 © -2 =2 =2 =-0.,000007S 0.0 ~0. 0000075
3 109,555 M 1 0 0 =2 <-4 =2 =0.0000046 0.0 -0.0000046
4 115.845 M 1 -3 o -2 o -1 -0.0000034 0.0 -0.0000034
5 115.855 ] 1 -3 0 -2 © -2 -0.,0000177 0.0 -0,0000177
& 117,645 M 1 -1 0 -2 =2 =1 =0.0000087 0.0 -0,0000087
7 117.655 - M 1 -1 0 =2 =2 -2 -0.000045%5& 0.0 -0.0000455
a 118. 654 [ 1 -1 1 -2 -2 -2 -0,0000034 0.0 ~0.0000034
B 119.445 M 1 1 0 -2 -4 -1 =-0.0000C16 0.0 -=0.0000016
La 119,455 M 1 1 0 =2 -4 -2 -0.00000RY 0.0, =0,0000088
11 124,758 M 1 -2 -1 -2 0o -2 0.0000021 0.0 0.0000021
12 125,745 i 1 -2 0 =2 0 =1 =0.0000295 0.0 -0.0000294
i3 125.755 t 1 -2 0 -2 0 -2 -0.0001567 0.0 -0.0001567
14 126455¢€ M 1 ¢ =1 =2 w2 =2 N.0000026 0.0 - 1.,0000026&
15 1264 £55 5} 1 -1 o -2 -1 =2 0.00000 18 0.0 0.0000018
1¢ 126,754 M 1 -z 1 -2 0 -2 -0.0000025 0.0 -0.0000025
17 127,545 M 1 0 0 -2 -2 -1 -0,0000358 0.0 -0.0000357
18 127.555 M 1 0 0 -2 -2 -2 -0.0001892 0.0 -0.0001886
19 12E.564 ] 1 0 1 -2 -2 -i -0,0000023 0.0 -0.0000023
20 1284550 M 1 © 5 -6 2 -6 -0.0000130 0.0 -0,0000129
z1 1294355 M 1 2 0 -2 =4 =2 =0.,0000057 0.0 -0,0000057
22 1323.855 M 1 =3 0 =2 2 -2 0.0000038 0.0 0,0000038
23 1344656 1 1 -1 -1 -2 0o -2 0,0000100 0.0 0.0000100
24 135.435 M 1 r 0 - 0 -2 0.0000046 0.0 0.0000046
25 135,635 [ 1 -1 0 -2 0 o0 0.000001 69 1,0 0,0000069
2¢ 135. 645 M 1 -1 ©0 -2 & -1 -0.0002232 0.0 -0.0002224
27 135.655 M 1 =1 0 =2 ©¢ -2 -0,001184] 0.0 -0.0011802
28 135.855 M 1 =3 ¢ 0 0 ¢ 0.0000031 0.0 0,0000031
29 136.456 [ 1 i -1 -2 -2 -2 0.0000021 0.0 0.0000021
30 136.555 M 1 ¢ o0 -2 -1 -2 0., 0000064 0.0 0.00000&4
31 136, 644 M 1 -1 1 -2 © -1 -0,0000018 0.0 -0.000001R
32 136,654 M 1 -L 1 -2 0 =2 -0.0000112 0.0 =0.0000111
33 137.445 M 1 1 0 =2 =2 -1 =0.0000423 0,0 —-0,0000422
34 137.455 M 1 I 0 =2 -2 -2 ~0.0002250 0.0 -0.0002242
35 137,655 M i -1 0o 0 -2 0 0.0000128 0.0 0,0000128
3¢ 1374665 M 1 -1 0 0 -2 -1 -0.0000039 0.0 -0.00000329
ay 1384444 M 1 T 1 -2 -2 -1 -0.0000018 0.0 -0.0000018
38 138,454 M 1 i 1 -2 -2 -2 -0.0000105 0.0 -0.0000105
19 139.455 M 1 1 0 0 -4 0 0.0000023 0.0 0.0000023
40 143.535 M 1 & ©0 -4 2 -2 0.0000028 0.0 0.0000028
51 143,745 M 1 -2 0 =2 2 =1 0.00000 33 0.0 0.0000033
42 143,755 M 1 -2 0 =2 2 -7 N.00001A5 0.0 0.0000185
43 144,546 M 1 0 -1 -2 o -1 {.0000025 0.0 0,0000025
44 144,55 ¢ M 1 ¢ -1 -2 0 =2 0.0000213 0.0 0.0000213
45 145,535 M 1 ¢.0 =2 0 0 0.0000358 0.0 0.0000357
4e 145,545 M 1 ¢ 0 ~2 0 ~1 ~D,0011659 0.0 -0.0011621
47 145,555 [ 1 0 0 -2 0 -2 -0,0061846 0.0 -0.0061644
48 145,755 M 1 -2 0o o o a 0.0D00399 0.0 0.0000397
49 145,765 M T =2 0o 0o o0 -1 0.00000 66 0.0 0.0000065
50 1464544 M T 0 t =2 0 -1 -0.0000020 0.0 -0.0000020
51 146,554 M 1 0 1 -2 Q@ =2 ~=0.0000189 0.0 -0.000018R
LY 147,355 M 1 2 0 =2 -2 =2 N.0C00024 0.0 0.0000034
53 147,545 M 1 © © 0 =2 1 -0,0000023 0.0 -0,0000023
54 L47.555 H 1 0 0 G =2 0© 0.0000806 0.0 0.0000803
55 147.565 M 1 ¢ 0 0 =2 -1 -0.,0000176 0.0 -0.0000175
56 14B.554 M 1 0 1 o -z © 0.0000054 0.0 00000054
57 152,656 H 1 -1 -1 =2 2 =2 0.0000023 0.0 0.0000023
58 153, 645 M 1 -1 a -z 2 -1 0.0000103 N0 0.0000103
59 153, 655 M 1 -1 0 -2 2 =2 0.0000%456 0.0 0.0000455
€0 154,65 € M 1 -1 =-1- 0 0 @ -0.,0000025 Gl ~0,0000025
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Table 8.1~{continued)

COEFFICTENTS IN SECONAS DF ARC
SIMNE FOR X=CNMPONENTS
CNSIME FOR Y=COMPONENTS

INDEX TIDAL ARG.  DIST. COEFFICIENTS OF ROTAT ION AXTS MF ANGULAR
CDDE NUMBER 8OOY PHIM L LP F D O AXTS FIGURE MOMENT UM

el 155,435 M 1 & © -2 9 0 =0.,0000028 0.0 -0.06000023

¢2 155.445 M 1 1 0 =2 0 -t 0.0000323 0.0 0.0000327

63 155,455 M 1 1 0 -2 0 -2 0.0001748 0.0 0 0001762

4 155. 645 M 1 =i 6 0 © 1 -0.0000139 0.¢ -0.0000139

€5 155. 655 M 1 =1 0 0 o0 @ 0.00048 64 0.0 0.0004848

e 155, £65 M 1 -1 ¢ 0 ¢ -1 0.0000975 0.0 0.0000972

67 155,675 M 1 -1 0 0 0o -z -0.0000028 0.0 ~0,0000028

&8 1564555 M 1 ¢ ¢ 0 -1 0 -0.0000026 0.0 -0.,0000026

&9 1564 654 M i -1 1 ©o b 0 0.0000030 0.0 0.0000029

70 157445 M 1 L 0 0 -2 1 -0.0000026 0.0 -0, 0000026

71 157.455 M 1 1 0 o -2 9 0.0000929 0.0 0.0000926

72 157.465 H 1 1 0 0 ~2 -1 0.,0000203 0.0 0.0000203

73 158,454 M 1 1 1 4 -2 o 0.0000039 0.0 0.0000039

74 1€1.557 s 1 0 -2 -2 2 -2 =0.006006% 0.0 -0.0000069

75 1¢2.4556 5 1 0 -1 -2 2 =2 -0.0001692 0.0 -0.0001686

7¢e 163.535 M 1 @ 0 -2 2 0 =0.0000023 0.0 -0.0000023

77 1£3.545 M 1 ¢ 0 -2 2 -1 0.0000327 0.0 0.0000325

78 163,555 M 1 0 0 -2 2 -2 -0.000004% 0.0 -0.000004%

79 163,555 5 1 0 0 =2 2z -2 ~D.0028Bé4 0.0 -0.0028749

a0 1£3.557 5 1 @ -2 o0 0 ¢ 0.0000018 0.0 0.0000014

81 163,755 M 1 =2 0 0o 2 @ 0.0000043 0.0 ©.0000043

82 164.554 5 1 o 1 -z 2 =2 0,0000241 0.0 00000241

83 1644556 s 1 0 -1 ©o o o0 0.0000696 0.0 0.0000693

B4 1e5.545 M 1.0 0 0.0 1 =0,0001723 . 0.0 -0.0001717

85 154555 5 1" 0 0 o 0o g 0.0027&52 0.0 0.0027561

Be 165,555 " 1 ¢ o o © 0 0.0059457 0.0 0.,0059262

87 185.565 M 1 o0 0o o a -1 0.0011785 0.0 0.0011747

88 165.575 M 1 ¢ 6 9 0 -2 -0,0000253 0.0 ~0.0000252

89 166,554 3 1 0 1 0 © o 0.0000696 0.0 0.0000493

30 167.355 M 1 2 o0 9 -z o 0.0000043 0.0 0.0000043

91 167,553 5 1 o 2 o a o 0.00000 18 07,0 0.0000N01A

92 167,555 3 1 0 0o 2 =2 2 0.0001243 0.0 0,0001239

93 167,565 M 1 0 0 2 -2 1 =0,0000048 0.0 ~0.0000047

94 167.575 " 1 0 0 2 =2 D ~0.0000023 0.0 -0.0000023

95 168,554 s 1 o 1 2 -2 2 0.0000073 0.0 0.0000072

9¢ 172,656 M 1 -t -1 a 2 a . 0000039 0.0 0.000003%

97 173445 [ 1 1 0 -z 2z =1 0.0000028 0.0 0.0000028

LT 173. 645 M 1 -1 0 0 2 1 ~=0,0000030 0.0 -0.000002%

99 173. 655 M 1 -1 0 0 2 0  0.0000929 0.0 0.0000926

100 173.¢65 " 1 -1 0 0 2 =i 0.0000184 0.0 0,0000183
101 174,456 M 1 1 -1 o a q 0+ 0GO0D 30 0.0 0.0000029
102 1744555 M 1 0 0 0 1 0 =-0,0000026 0.0 -0.0000026
103 1754445 M 1 1 0 0 0 1 -0.0000L43 Ga0 ~0.0000142
104 175.455 M 1 1 0o 0o o o0 0.0004864 0.0 0.0004848
105 175,465 " 1 1 a0 0o o =1 0.00009 63 0.0 0.0000960
10¢ 175.475 M 1 1 o 0 0 -z -0.0000021 0.0 -0, 0000021
107 175. 655 M 1 -1 0 2 0 2 =0.0000075 0.0 -0,0000075
108 175, 665 # 1 -1 0 2 0 1 -0.0000048 0.0 -0,0000047
109 175.675 " 1 -1 0 2 0 0 -0.0000028 0.0 -0.0000028
110 176,454 M 1 1 1 o 0 © =0.0000025 0.0 -0.0000025
111 177.456 M 1 1 0 2 -2 7z -0.0000020 0.0 -0,00000260
112 182,556 M 1 0 -1 ¢ 2 0 0.0000053 0.0 0.0000052
113, 183,545 M 1 o o o 2 1 0.0000026 0.0 0,0000026
114 163.555 M 1 0 0 6 2 © 0.0000807 0.0 0,0000875
115 183.565 M 1 0 0 o 2 -1 0.0000158 0.0 0.,0000157
116 185.355 M 1 z o © 0o o 0.0000394 0.0 0.0000393
117 185,265 M 12z 0 6 0 =1 0.0000079 0.0 0.0000079
118 185,555 M 1 o 0 2 a z 0.0002683 0.0 0.0002655
119 185,565 M 1 0 ¢ 2 0 1 0.0001705 0.0 0.0001499
120 185,575 # 1 90 0 2z g 0 0,0000358 0.0 .0,0000357.
121 185.585 M 1 0 0o 2 o0 =1 0.0000023 6.0 0.0000023
122 191,655 M 1 -t ¢ 0 4 @ 0.0000025 0.0 0,0000025
123 193,455 M 1 1 0 o 2 @ 0.0000128 0.0 0.0000128
124 193,465 M 1 1 6 0 2 -1 0.0000025 0.0 0,0000025
125 193, 655 M 1 -1 o 2 2z @z 0.0000097 0.0 ¢.0000096
126 193, 665 M 1 -1 0 2 2 1 0.0000062 0.0 0.0000062
127 195,755 M 1 3 0 6 0 0 0,00000 31 0.0 0.0000031
128 195.455 M 1 1 0 2 0 2 0,0000510 0.0 0.0000509
129 195.465 M 1 0 2 0 1 0,0000337 Q.0 0.0000325
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Table 8.1=(continued)

COEFFICTENTS [N SECONDS DF ARG
SINE FOR X=COMPONENTS .
CNSIMNE FOR Y=COMPONENTS

INDEX TIDAL ARG. DIST. COEFFICIENTS OF ROTATION AX1S NF ANGULAR

CODE NUMBER BODY PHIM L LP F 0 DM LAALS .FIGURE MOMENTUM .
130 185,475 M 1 1 Q 2 Q Q 0.0000069 Q.0 0.0000069
131 1X3,5%55 M 1 o] 0 2 2 2 0.00000R2 0.0 0.00000R2
132 1X3,.565 M 1 o} 0 2 2 1 0.0000053 J.0 0,0000052
133 1X5.355 M 1 2 Q 2 0 2 0,0000067 Q.0 0.,0000067
134 1X5.365 M 1 2 0 2 0 1 N.0000044 Q.0 00000044
135 LE3.455 M 1 1 0 2 2 2 0.0000020 Q.0 4, 0000020
Explanation of aymbola

PHIM lg the Greenwich mean siderial time; Hy
L, LP, F, D and OM are:Brown's fundamental
arguments; £, 4°, F, Dand 11

Congtanta

k=0
K, = =T!552430 » 10° Julian century-*
K, = 34484150 x 10° Jultan ceatary™
(C-A)/C 2 2.272830 x 10~°
0 = 35029856 day "
(Co/ay) = 2343052 x 10*
1, = 1082645 % 10-?
(mg/m,) = 3,334320 x 10°
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The effect of Woolard's approximation (8.35) on numerical computations of the
diurnal variation of latitude for Goddard Space Flight Center is shown in Figure
(8.1). The diurnal terms in Equation (6.4) are substituted into Equation (9.14) in
order to compute the latitude variation. The amplitudes differ by at most 010008
which is 3.7% of the diurnal polar motion amplitude or 2.5 em at the Earth's
surface.

Table 8.2
Comparison of Woolard's Diurnal Polar Motion Amplitudes
- with Those from Table 8.1

. Amplitude from

Tidal Argument Wo‘:ﬂzg,t; c;;qﬁ;:?;ns the Column Headed

Code Number (70) "Rotation Axis'"in
Table 8.1
135.655 =010012 -0"70011841
145,545 =0.0012 -0,0011659
145,555 -0.0062 -0.0061846
163.555 -0.0029 -0.0028913
165,555 0.0087 0.0087109
165.565 0.0012 0.0011785

The Euler angle perturbations in Table 8.3 are obtained from Equations (6.19)
through (6.24) with @, = (180 as to make the results equivalent to Woolard's Equa-
tion (54). The amplitudes of the largest terms in 8¢, and 8y sing from Table
8.3 are compared with Woolard's Equation (54) in Table 8.4. The amplitudes
agree to as many significant figures as Woolard retains, thus providing a check
on the Euler angle perturbation theory of Section 6.

52



T My

Ea

eg

LATITUDE (SECONDS OF ARC)

o.M

-0.01

-0.02

.
- EQUATION 6.4
— —~= WOOLARD'S APPROXIMATION
{EQUATION 6.4 WITHw j=.Q)
| N
' 2l
785.0 786.0

JULIAN DATE

Figure 8.1. Effect of Woolard's Approximation on the Diurnal Variafion of Latitude for
Goddard Space Flight Center. Both Curves are for a Rigid Earth.
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Table 8-3

Coefficients for Perturbations in the Euler Angles of the Rotation Axis, the Axis of Figure
and the Angular Momentum Vector in a Rigid Earth with Woolard's Approximation; »; = Q

COEFFICIENTS FDR EULER AMGLE PERTUREATIDONS
I[N SECONDS OF ARC

TIDAL ARGUMENT
COOE NUMBERS

L

COEFFICIENTS GF

LP

F

o]

GM

1054955
107755
109.555
115.845
115.855
117.¢45
1i7.£55
113.¢54
119.445
119.455
124,.75¢
125.745
125.755
12¢.55€
126,655
12¢.754
127,545
127.555
128 .544
128.550
129,355
133,855
134.€5¢€
135.435
135.¢€35
135. €45
1354 655
135.855
136.45¢
13¢.555
136, 644
134, €54
137445
137,455
137,55
137.¢¢65
1384444
138.454
139,455
143.5335

1X5.3 65
1X543255

.
1X3.565
1X3,.555

195.475
195.465
195.4535
195,255

193, 665
193. 655
193.455

191,855

1
[ I R S N R IR TUF N e B BB I = IS U T R L

[ |
[ e

DOV OHORAOFROORGOO0C OO0

)
DO FOCOORO 00000

PONNOoMNRNNNRCOPDNNPANNNE NN RN NN RN NN

NENNNRMMNNSOHEROODQOOCNPRNMNNCHRNOCORPENOR OO NS

NOMNHHONFENFMRONEONRNPONN RN RN NN

COSINES FOR ANELTA THETA

SIMES FNR DELTA PST * SENM{THETA)

AXLIS NF
FIGURE
cos SIN
0.00000180 . . 0,0CC001R0
0.00000752 0,00000752
0.00000458 0.00000458
0.00000343 0.00000342
0,000017a6 0.00001766
0.00000867 0, 00000867
0.00004547 0. 00004547
G.0N00343 0,00000343
0,00000164 0, 00000164
C.00000A83 Q.00000883
-0.00000213 -0, 00000213
0.,000n2502 0.00003386
0.00014949 D.00C16290
—-0.00000262 ~0.00000262
-0.0006001480 ~0. 00000180
0. 00000245 0.0000N245
0.00003042 0. 00004CR9
0.00018040 0.00019674
0.0000022%9 0. 00000229
0.00001292 0.eea1292
0. 00000572 0. 00000572
-0,00000376 -0.00000376
-0.00U00998 -0 00000998
=0, 00000458 =-0.0000045A
-0.00001374 0.0
0. 0001RIEBY 0.0002549%9
Q.00112936 0.06012310%
-0.00000622 0.0
~-0.,00000213 ~0.00000213
-0.00000638 ~0. 000005638
3.00000180 0,00000180
0.00001112 0.,00001112
0. 00003598 0. 00004841
0.00021459 L 0.A0023389
-0.00002851 0.0
0.00000393 0.00000393
0. 00000180 0.00000180
1, 00001047 0.0000Q1047
-0. 00000474 0.00000016
-0.00000278 =0.00000278

ROYAT TOM
AXTS
cos SinN
=-0.00000001 ~0.00000001
=0.00000002 -0.00000002
=0. 00000002 ~0.00000002
-0,00000001 ~0,.00000001
—{1. DOAC0O0S -0.00000006
=0.00000003 =0, 00000003
—0.,00000015 -0.00000015
=0.00000001 -0,00000001
-0, 00000001 ~0.00000001
-0.00000003 -0.00000003
0. 00006001 0.00000001
-0, 00000008 =0.00000011
=0. 00000049 ~0.00000053
0.00000001 0.00000001
0., 00000001 0.00000001
~(. 00000001 ~0.00000001
-G 00000010 =0.00000013
=1+ 30000059 -C.Q0000065
=0+ 00000001 -0.00000001
=0.00000004 —0.00000004
-0.00000002 =0.00000002
000000001 0.00000001
0. 00000003 0.00000003
0. 0000002 0.00000002
0. 00000005 0.0
=0, 000000A2 =-0.00000084
-0.00000371 -0.00000404
c.00000002 00
C. 00000001 c.co0c000L
G.00000002 0.00000002
~0. 00000001 -0.00000001
~0.00000004 =0.00000004
—0.00000012 =0.00000016
=0. 00000070 =0.00000077
0.00000008 Q.0
-0.00000001 -0.00000001
=0. 00000001 -¢.00000001
—0.00000003 -0.000000032
0.00000002 —-0.00000000
0.00000001 0.00000001

TERRESTRIAL
Z AXIS

cns 51N
0.00000180, 0,00000180
0.00000752 0.00000752
0. 00000458 0.00000458
0.00000363 0,00000343
0.0000L 766 0,00001766
0.00000567 0L, 00000867
0. 00006547 0.,00004547
0.00000343 0,00000342
0.00000164 1.,00000164
0.00000883 0.00000HR3
~3.00000213 =0,00000213
0.00002502 0.00003386
0.0001494% G.00016291
—0.000002462 0. 00000262
~0L. 00000180 —11,00000180
0.00000245 0.00000245
0.00003042 NL,00004069

0.08018041
Q. 00000222
0.00001292
0.00000572
-0, 00000376
-0.00000G98
=0.00000458
—0. 00001374
0.00018589
0.00112938
~0.00000622
-0. 00000213
~0.00000636
0. 00000180
0.00001112
0,00003598
0.00021459
-0, 00002552
0.00000393
0,00000180
C.OG001047
=0, 00000474
-0.46000273

5.00019676

TG.00000229 |

0.00001292
0,000004572
~0.00000276
=0,00000998
={0.00000458
4]

N.00025499
n,00123111
0.0

—-0,000002132
=-0,00000633
0.00000180
0,00001L12
0.00004841
0, 000232309
0.0

0.00000393
0.00000180
000001047
0.00000016
=~(.00000278
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‘Table 8-3—(continued)

RNTATI
TIOAL ARGUMENT COEFFECIENTS OF AXT1S
CODE NUMBERS L LP F D 0OM cns
1434745 . 2 D 2 -2 L 0.00000001
143,755 .- 2 0 2 -z 2 0. 00000006
144,544 . ft A ¢ 1 0.00000001
*144 .55 ¢ . o 1 2 0 2 0.00000007
1454535 185,575 n 0o 2 0 o0 0.00000n23
1454545 185,565 0o 0 2 0 1 -D.00D00326
145.555 185,555 a o 2 0 2 =0.00001937
145,755 185,355 2 0 0o o 0 0, 00000026
145, T65" . zZ 0 0 @ 1 0.00000007
lé¢.544 . o -1 2 0 1 =0.00000001
146,354 . a -1 2 0 2 =0,00000006
147,355 . -2 0 2 2 2 (0. 00000001
167,545 LB3,5 45 o o0 ¢ 2 1 0. 00000004
1474555 183.555 0o o0 0 2 0 0.00000053
147565  LE3.545 c o0 o 2 1 -0.00000005
148,554  182.55¢ a -1 o2 0 0. 00000003
152.¢586 . 1 1 2 -2 2 0.00000001
1534645 S 1 0o 2 -z 1 0. 00000003
153.¢55 177,455 1 0 2 -2 2 0.00000014
154,666 1Tha454 1 1 0 0 0 -0.00000002
155,435  175.875 -1 0D 2 0 0 =0,00000002
155,445  175. 865 -1 o 2 o 1 1, 00000ANS
1554455 175,655 -1 02 0 2 0,00000055
155,645  175.465 1 0 0o 0 -1 0. 00000027
1554 55 175.455 1 0.0 0 0 0.000003LR
1554 £65 175,445 L 0 0o 0o 1 0. 00000027
155.¢75 . 1 0 0 0 2 —0.0000000)
156,555 174,555 0 ¢ 0 1 0 =0.00000002
1564654  1T74.456 1 =1 0o @ 0 0.00000002
157,445 173,665 -1 0 0 z 1y 0. 00000005
1574455 173, 655 -1 a o 2 0 0.00000061
157 44 65 173. 645 -1 0 02 1 0.00000006
158,454  172.65& -1 -t 0o 2 0 0.00000003
1€1.557 . a 2 2 -2 2 -0.00000002
162,556 1 6B.554 0 1 2 -2 2 -0.00000053
163535 167,575 a ¢ 2 -2 0 =0.00000002
LE345645 1674565 0 a 2 -2 1 0.00000009
163,555 . [ ] 2 -2 2 —U.0D000D02
1 £3.555 1674555 o o0 2 -2 2 -0.00000904
163.557 167.553 6 2 9 0 0 0.00000001

COEFFICIENTS FOR EULER ANGLE PERTURRATIONS
IM SECONDS DF ARC

COSIMES FOR DELTA THETA
SINES FNR NELTA PSI = SINM{THETA)

oM

SN

0.00000001
3.00000004&
0.00000001

0.000000C7

0.0
-0.,00000437
~0.00002111

0,00000000

0.00000002
~0.00000001
~0.0n00000s

0.00000001

=0.00000006
-0 .00000C00
-0,00000007
0.,00000000
0.00000001
0.000000063
0,00000016
0.0
0.0
0.00000012
0000000 60
-0.00000036
0.0
0.00000037
~0,00600001
0.0
0.0
-0.00000007
0.0
0.00000006
0.0
—-0.00000002
=0, 00000055
n.0
0.0N0O00012
=0.00000002
-0.000009A%
0.0

AXIS NF TERRESTRIAL
FIGURF Z AX1S
cns SIm cas SN
-0,00000327 =0, 00000327 =0,00000327 =0.00000327
=0.00001848 =0, 00N01RLRA =0. 00001848 = CNO0L RG4S
=0.00000245 =0,.00000245 -0.00000245 =0 00000245
-0,00002126 =0.00002126 ~0,N0002126 -0.00n02124
-0,00007131 0,0 ={1. 00007131 e
0. 00099214 0,00133201 0.00099215% 0,00133203
0.00589°14 0. 00642977 0.,00589803 0,0N&42934
=0,00007500 =1, 000049 =3 00A0TI00 =0N,00nnnnsy
=0, 00000654 ~0.00000654 -0.,00000654 =G QPOGNASS
0, 0nan0194 0,000001946 11, 000001986 n,00000194
0,00001831 - 0,0000188] L0001 ARY QG0N0 1aetHl
=0,00000343 ~{1, 00000343 =0, 00000343 =0.00000343
-0.00001341 oa0nnolvas =0.0000134L B.O0001799
=0.00016078 . OOnanNN 14 =0.00016067TR G,0n0u0016
0,00001483% 0.a0002012 1. 00001488 n,000024512
=0,00001063 ~0.N000N01 46 =0, 000G1Us3 =L, 0neeNnLs
=-{1,00000229 =0,00000220° ~0,00000229°  -0,00000229
=0.,00001030 ~0.N0001030 =G 0OD0LGAN = fn0lo3e
=0.10064351 =0. 00004743 =0.00(04351 =, 00004743
0.0000M491 0.0 0.00000491 0,0
J. 000005586 Q.0 ) 0.00080556 (L]
-0.,00002748 —0. 00003606 ~0e 00027458 —0,,0N0036946
~0.N001AGLE =0.N00LR1TL =0.0001666T ~0 0001171
=0.,00008211 0. 00010991 —0.00008211 D 00014991
= N0096957 Ouit ~0.00096G58 0.0
=0,00008292 =0.0D01113R ~0.{NC0K292 ~,00011134
q.NNoCezTa 000000278 0.00000278 G OnOnn2Ty
0.00000523 n.n 0.00000523 0l
~0, 00000589 0.0 =0.00(005R9 0.0
=0.00001570 G. 00002094 =0.000CL570 000002094
=0.00018515 0.0 =0.00018515 0.0
=0.00001734 =0.NC02323 ~0,00001734 -0,00002323
=0, 00000785 1.0 ~0.00000785 (4]
0.00000687 {1, 0DODOART 0.000006RT 0.00000687
3.00016140 0.00017588 0.00016140 0.00017588
0. MI00045R 0.0 0. 00000458 0.0 .
=0.00002780 -0.00003729 -0.00002781 =0,00003729
0. 00000491 3. 00000491 0. 00000451 0.00000491
0.,00275300 0.00300079 0.00275303 0.00300082
-0,0N0003562 0.0 =0.00000362 0.0
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Table 8-3=—(continued)
COEFFICIENTS FDR EULER AMGLE PERTURBATIAONS
IM SECONDS NF ARE

COSINES FOR DELTA THETA
SINES FNR NELTA PRSI # SIM{THETA)

ROTATION AXIS DF TERRESTRIAL
TIDAL ARGUMENT COEFFICIENMTS OF . AX1S FIGURE i i L-AXIS
CODE NUMBERS L LP F D O™ €0s SIM cos SIm cas SIN
163.755 1674355 2 0 o -z o L0+ 00000003 0.0, . . =0, 00000R50 0.0 . . ~0.000Q0851. © 0.0
166,554 . Q 1 2 -2 2 0. 0000008 0.00000008 =0, 00002407 -0.00002407 =0.00002407 -0.000024037
let.55¢ 1664554 0 1 Q o} o] 0. 00000046 0.0 ~0.00013R68 0.0 -0.00013869 0.0
165,545 1 65.5¢€5 o} Q 0" 0 -1 0.00000329 -0 00000442 ~0.00100293 0.00134540 ~0.00100294 0.00134642
165,555 . o] Q Q o 0 0.00000905 G.00000905 —0.00275609 ~0. Q0275609 -0.00275613 ~0,.,00275613
1 65.555 . o} o] 0 Q o} 0.00001946 0,00001946 ~0.005%92617 -0,00592617 —{. 00592624 —0.00592624
. 165.575 a o] o 0 -2 -0.C0000008 0.000000018 0,0000251% . -0.00002519 .0.00002519 =0.,00002519
"o 173.445 1 0 -2 2 -1 (.00000001 -0.00000001 -0.00c00278 0,000002748 —0.00000273 0.00000278
. 175.475 1 0 o] 0 -2 ~0, 00000001 2.00000001 0.00000213 -0, 00000213 d.00000213 =0,00000213
. 185.3 65 2 0 0 ¢ -1 0.00000003 =0.00000003 —-0.00000785 0.0C0007RE -0.00000785 0.00000785
- 185.585 (s} 0 2 o -1 G, 00000001 -0.00000001 -0.00000229 C.00001n229 =0.00000229 Q,00000229
. 193.465 1 [} o} 2 =1 0.,00000001 ~0.00000001 —0.00000245 0,.00000245 —0.00000245 0.00000245
. 1€3.455 1 o] 2 4 2 0,00000001 =0.00000001 =0.00000196 0.000001%6, -0.00000196 G.0UoG019e,
Explanatien of gymbols

1, LP, F, D and OM are Brown's fundamental
arguments; £,4', F, D and 0

Constants

k=0
K, = =7"552430 x 10° Jullap cemtury-1
K, = -31484150 x 107 Julian century ™
(C-A)/C = 3.272930 » 1077
0 = 36029856 day
(Co/a,) = 2.343852 » 10*
T, =1.082645 x 10~°
(m, /m,) = 3.334320 x 10°




Table 8.4

Comparison of Woolard's Euler Angle Perturbations
with those from Table 8.3

Code Numbers of | Terrestrial z Axis Euler Angle| Euler Angle Perturbations
Symmetric Tidal | Perturbations from Table 8.3 {from Woolard's Equation (54)
Arguments 89, By, sin @ 56, 8y, sin @
117.655 0100004547 000004547 0700005
125.755 1x5.355 0.00014949 0.00016291 0.00015 0.00016
127.545 1x3.565 0.00003042 0.00004089 0.00004
127,555 1x3.555 . 0.00018041 0.00019676 0.00018 0.00020
135.645 195.465 0.00018989 0.00025499 0.00019 0.00025
135.655 195.455 0.00112938 - 0.00123111 0.00113 0.00123
137.445 193.665 0.00003598 (¢.00004841 0.00005
137.455 193.655 0.00021459 0.00023389 0.00021 0.00023
145.545 185.565 0.00099215 0.00133203 0.00133 0.00099
145.555 185.555 0.00589893 0.00642984 0.00590 0.00643
147.555 183.555 =-0.00016078 0.00000016 |-0.00016
153.655 177.455 | -0.00004351  -0.00004743 -0.00005
155.455 175.6556 -0.00016667 -0.00018171 |-0.00017 -0.00018
155.645 175.465 -0.00008211 0.00010991 -0.00011
155.655 175.455 -0.00096958 0.0 ~0.00087
155.665 175.445 -(.00008292 -0.00011138 -0.00011
157.455 173.655 -0.00018515 0.0 -0.00018
162.556 168.554 0.00016140 0.00017588 0.00016 0.00018
163.5565 167.555 0.00275303 0.00300082 0.00275 0.00300
164.556 166.554 -0.00013869 0.0 |-0.00014
165.545 165.565 -0.00100294 0.00134642 |-0.00100 -0.00135
165.5585 -0.00868237 0.0 1-0.00868
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9. COMPUTATIONAL FORMULAS AND APPLICATIONS

For numerical computations the diurnal terms in Equations (7.18), (7.29),
(7.31) and (7.39) to (7.44) for m, n/Jf , H/C Q, and the Euler angle perturbations
are written in terms of the common multipliers of the lunar and solar terms
that arise in the theory of precession and nutation [Woolard, 1953, pp. 124~125)-.
The common maultiplier of the solar terms is

Gme C_A
- t-a 1
A 3(cg>(m> o

= - 3484"15(Julian century)!

and the common multiplier of the lunar terms is

SREEE -

= ~7552Y4295(Julian century)’!

A o35 fcoa A (9.3)
AQ? n2c3 \ A 2
d

which is written in terms of the constants K@ and K, as

A,
I R (9.4)
AQQ d AQ 215

In order to make the value of the secular Love number k , given by (5.17), con-
sistent with the values (9.1) and (9.2) of K andK,, k is wrltten as

e

The computational form of Equation (7.18) for the polar motion is

From Equation (4.24),
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( ) —x(m t+,8)

: (9.6)

I-— ~ i

(=) T &)
R
'oa _1;—)

where (A;/AQ%) and k, are computed from (9.4) and (9.5) respectively. The
dlrectmn cosines of the ax1s of figure are computed using Equation (7.29) in the

form

s

i e—i(wj t+,Bj)

) 9.7
i (w)

1_ n. k Q {Tr

( _i_..k ) +-=

LA TR
Qk

The computational form of Equation (7.31) for the angular momentum vector is

é_£> ity (9.8)
K




The computational forms of Equations (7.39) to (7.44) for the Euler angle per-
turbations are obtained similarly in terms of the dimensionless ratio (A, /AQ3).

Equations {9.6), (9.7) and (9.8) are used to compute the coefficients listed in
Table 9.1 for the diurnal motion of m, y, , and H/C Qin a rigid Earth. Table 9.2
gives coefficients for evaluating the diurnal motion of m, Y, , and H/CQ in a de-
formable Earth with k = 0.29. The computational forms of Equations (7.39) to
(7.44) are used to obtain the coefficients given in Tables 9.3 and 9.4 for the Euler
angle perturbations. Table 9.3 is for a rigid Earth and Table 9.4 is for a de-
formable Earth with k = 0.29.

The effect of polar motion on latitude and time is shown in Figure 9.1. The
true equinox of date 1 _ corresponds to the ascending node of the true equator of
date on the mean ecliptic of date. The true sidereal system has its x axis directed
toward 'T‘T, its v axis 90° eastward from""" r1in the true equator of date and its z
axis along the rotation axis% . The transformation from the true sidereal system
into the terrestirial or "observatory-fixed" system x, v, z is given by

;(.terrestfial = Rz(_ml) Rl(mz) Rs(GASTI) X (8.9)

true siderial

where R, (2) denotes the rotation of a coordinate system about its j axis through
the angle o, and GAST1 is the Greenwich apparent sidereal time corrected for
polar motion. Let x,, y;, and Z, correspond to the system obtained by rotating
the true sidereal system through GASTI1 about z>. Then

—

xterres-:tri al = Rz(_ m]_) Rl (mg) ;{.T (9‘10)

Latitude and longitude are denoted respectively hy ¢pand A inthe x, v, 2 Tsys-
tem and by @ a A in the terrestrial system. Equation (9.10) is uged to obtain

cos fI)T cos A'r = cos b cos A - m, sin ® (9.11)
cos @ sinAT:costDsinA~m2 sin® {9.12)
sin® = gin ¢ + cos ®(m, cos A+ m, sin A) (9.13)

in which second and higher order terms in m, and m, are neglected. From
(9.13), the first order expression for the latitude variation is

cos A+m, sin A (9.14)

o -0 =m 2

Equations (9.11) and (9.12) are combined to give

:‘\,l.—~!\:tzatnfl)(1n1 sin 1‘\—m2 cos A) (9.15)

60



Table 9-1

Coefficients for the Diurnal Motion of the Rotation Axis, the Axis of Figure
and the Angular Momentum Vector in a Rigid Earth
COFFEICTFNTS 1N SFLQAMDS NE ARG

STMF FDR X=COMPNMNENTS
CNSIMNF FOR Y-CNMPNNFNTS

INBEX  TIDAL ARG. nisT. CNEFFICIENTS NF ROTATINON AXTS AF ANGLLAR

CANDE NUMHER HKONDY PHIM L LP F n N4 AXTR FIGIRF MOMEMT IV

1 105.955 ™M 1 -4 o -2 0 -2 =0.0000023 0.0 =0,0no00n23
2 L. 755 M 1 -2 0 =2 =2 =2 =0..00000264 0.0 ={.0000NG84A
3 109,555 M 1 U g =2 -4 =2 -0.0000058 0.0 =, 0000048
4 115,845 L | ) o =2 0 -1 =0 0000042 () atl =0, 0000042
E 115.855 [ 1 -3 o -2 o =2 =0. 0000216 0.0 -0.0000216
f 1174645 M L -1 o -2 -2 -1 =0, 0000 10A (1.0 =0, 0non1Ns
7 117.455% M 1 -1 0 -2 -2 -2 =1 Q00N 554 0.0 =0 OOONRAR2
[ 114.654 gl I -1 1 -2 -z =2 =0, 000NN a2 0.0 =0, 0000042
9 119,445 M 1 1 U -2 -4 -1 =0, 0000020 0.0 -0.0000020
Lu 119.486 M 1 1 g -2 -4 =2 =0,000p107 Ue -Q0,.0noplnT
L1 l24.756 M 1 -2 -1 -2 u =2 0,000002% a0 0., 0000025
12 125.74% H 1 -z o =2 n -1 -0.000N38R 0.0 -0, 0000342
13 125.755 L4 1 -2 0 -2 9 =2 =0.0001 833 a0 =0.0001R2T
la 126.5564 M 1 o -1 =2 =2 =2 DL.OrON0 =] a.0 O 000N}
15 126.655 M 1 =1 g =2 =1 =2 0.0000021 [ ) 0.0000021
1a 126,754 M 1 -2 L -2 u -2 =0.0N000 7Y 0,0 =, ONOOO2o
17 127.54% M 1 & 0 -2 -z -1 =0,000N416 (7.0 -0, 100041 R
18 127,545 ] 1 U u -2 -2 -z =N,0002200 0.0 0. 00021903
19 12R.544 b 1 v 1 =2 <2 -1 =0.0000027 Matd =0.0000027
20 121,550 M 1 o 5 —h s -6 -0,0000150 o} -0, O0001R0
21 1294355 | 1 2 g -2 -4 =2 =0.00000,6 0.0 =0, 0000066
22 133.R5%5 ™ 1 -3 no-2 2 -2 NO0N0 A3 o it 0. 000047
23 134,656 I 1 -1 -1 =2 0 =2 00000113 0.0 DL.00001017
24 135.435 &l 1 1 U -4 [S ] 0.000N0R2 n,n L NHIN0RT
25 139.635% [l 1 -i u =2 (&} ) CLON0N07T7 u.0 00000077
25 135,045 "M 1 -1 u -2 [ =N.0002518 (S ~, O0024GA
27 135.65% L] 1 -1 o -2 [ =0.0132A7 na.f —(1.00132454
24 135.K855 ™M 1 -3 ] [} {1 u f.00000 25 0.0 [0, 0000N35
29 136,456 M 1 1 -1 -2 -2 -2 ML 000002 & 0.0 0, 00n0n3 s
30 136,555 M 1 u 0o -2 -1 -2 D.0000072 [{IN4] (1, NONDATY
3l 13640644 M 1 -1 1 -z o -1 =0, 0000020 1,0 =0, 0nN0N2n
32 136.654 M 1 -1 1 -z o -2 =0 000N1 75 0.0 =0, 00001 24
33 1374645 t1 1 1 ¢ -2 -2 -1 =, 000N&T3 a0 =0, 000047]
34 137.4495 Ll 1 1 0 -2 -2 =2 =0.0002%]1 (1,0 =0, 00025073
35 137.655 M 1 -1 9} 0 =2 4] N.o000143 0.0 G.ipdnlaz
36 137.5665 H i -1 4] a -2 -1 -0.00000&44 3a0d =0, 00 0as
a7 l3d.ans M 1 1 1 -2 -2 -1 =N OO0OC20 0.0 =0.0000020n
3H 138,454 H 1 1 1 -2 -2 =2 -N.000N117 0.0 -0. 0000116
39 139.455 M i 1 0 0 =4 Q 0.000N075 . 0.0 0,00000249
40 143,535 ] 1 0 0 -4 2 -2 0. 0000030 Q.0 G.00npnan
41 143,745 M 1 -2 g -2 2 =1 0.00000%4 0.0 . Q000035
42 143,755 M 1 =2 o =2 2 -2 Q. O0201 .0 0.0000200
43 . 144,546 M 1 o -1 =2 a -1 Q.,0000027 0.0 0.0000027
i l44.556 M 1 a -1 -2 0 -2 0.00002 31 0.0 G.0nnnNnzan
445 145.535 ™ 1 Q0 o -2z 8] Q 0.00003R6 .0 0.NO003RK
46 145.545 M 1 v} G =2 o -1 -0,0012574 0,0 —N.N12535
47 l45.555 L 1 O v =2 a -2 =D NO66TO0 0.0 ~-0,00R64R]
4R 1454755 M 1 -2 0 & 0 V] 1. 0000420 .0 0.0000428
45 145.765 M 1 -2 g "0 ¢ -1 0L,0000071 0.0 C.o0n00T0n
50 l46.544 M 1 0 1 =2 a -1 =0.0000071 n.0 =0,00000n273
51 146,554 ] 1 [} 1 =2 o -2 =0.00002n3 [F¢ —-0.0000202
52 147,355 M 1 2 g -2 -2 =2 00000027 .0 0.0000037
53 147,545 M 1 0 o] 0 -2 1 =N 0000025 .0 =0.0000025%
54 14745585 (] 1 o 0 o -2 0 .0000R A 0.0 0.006008A1
55 147.565 2] 1 0 o 0 -2 -1 -0.00001R8 0.0 =0, NG001RR
EL 148,554 M 1 0 1 n =2 v} 0. 00000 SH 0.0 N.00000R8
57 152.656 M 1 -1 -1 -2 2 =2 0,0000024 jUNe 0.000002 4
GH 153,645 L 1 -1 ¢ -2 Z -1 0. 000010k el DLO00010R
L] 153.655 M 1 -1 6 -2 2 =2 0.0000476 [y DL O000ET e
fl 154.656 M 1 -1 -1 O 0 8] =N,000N07AH a.n =0.000007 4
al 156,435 H L 1 u -2 Q 9} =N.00on0z2y 0.0 0. 0000029
(¥4 1554445 M 1 1 o =2 ¢ -1 N.000032%6 oL.n . 00N033R”
A3 155.455 L 1 1 u =2 o -2 OJ01ALS o.n 0.0M1A0R
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Table 9~1—(continued)

COFFFICIENTS IM SFLONMDS NF ARC
SINE FR X=CNMPAMNFNTS
CASIME FOR Y-CAMPANFNTS

INDEX . TIDAL ARG. . - DI5T. _ .. COEFFICIENTS OF ROTATION AXIS OF AMGLIL AR
CADE NUMBER RNODY PHIM L LP F o Nm AXTS FIGURF MTMENT I
B4 1554645 M 1=l 6} n o} 1 -NLONON14S Q.0 —0.L.ONO0 LG4
45 155,655 M 1 -1 [¢] o b} 4] 0,.0005046 0.0 0,.,0005029
66 155,665 M I -1 Q n o -1 0.0001011 c.0 a.onalnna
&7 155.675 M 1 -1 0 (0] o -2 -0 0000029 G.0 =0.000u02%
68 1564555 H 1 4] o} no-1 Q “N.00Ona 27 n.n -0.0000077
69 156.654 M 1 -1 1 & 0 L] 0.0000021 0.0 G, nnannsn
T4 1574445 M 1 1 0] no-2 1 -0.0000027 0.0 =g.ne00n2T
71 157.455 d 1 1 0 o -2 8] 0.,000N959 n.g 0. 0000954
77 157.465 M 1 1 o] n =2 -1 naOnon2 10 D40 D.AN00zZNa
73 158.454 M 1 1 1 o=z 6] 0.0000061 0.0 0.0000040
T4 161.5687 3 1 u -2 =2 2 =2 =N.0000070 u.n =1, 000N0A9
75 le2.5546 S 1 0 -1 -2 2 -2 =-0.00C1 706 1.0 =0.0001700
Ta 163,535 M 1 u b -2 2 ¢] =0.0N0N0R3 0.0 =0.,0000023
7 163,545 M 1 0 Qo -2 2 -1 0.,000n328 0.0 Q.N000327
78 163.555 M 1 o} a -2 2 -2 =N, QNONU4AY n.n -0 NNNGN4AR
T9 163.555 by 1 Q o -2 2 ~2 -0.0D029022 2.0 -0.0028327
A0 163.557 5 1 o -z Q 0 u nN.000001R 0.0 0.000001R
al 163.75% M 1 -2 0 Q 2 [ 0.0000043 ¢ 00000043
82 164.554 S 1 [ 1 =2 2 -2 0.0000242 0.0 0,npnnral
43 164.556 S 1 a -1 Q o u 0.0000698 {.0 QL 0000695
a4 165,545 M 1 [ 8] 0 3} 1 -0.0001773 0.0 -0.00017148
85 165.565 s 1 ¢ (W) 0 ¢ 3} 0,0027852 G.0 0,0027561
a5 145,555 M 1 0 4] 0 0 0 0.00594K7 0.0 .0059242
ar 1654565 M 1 u 6] 0 4 -1 N.0011 784 0.0 D,0N11745
ad 165,575 ) 1 0 g 0 a9 =2 -0.0000253 0.0 =0.0000252
89 166.554 s 1 ¢ 1 Q 0. 0 0.0000694 0.0 0.0000692
350 167,355 M 1 2 0o -2 0 0. 0000042 0.0 00000067
9t 167.553 5 1 ¢} 2 4] & 0 0.0000018 0.0 0.000001 R
g2 167.555 5 1 o 0 2 =2 2 a.0001236 0.0 0.0001232
93 1674565 M 1 o} ¢ 2 =2 1 -N.0000047 0.0 =0 0000047
94 167.575 M 1 0 0 2 -2 1] =0, QO000 23 0.0 =l HONNRP 2
95 168.554 5 1 Q 1 2 =2 2 0.0000072 0.0 0.N000072
96 172.65%6 o] 1 -1 -1 0 2 Q 0.00000 %A 0.0 L.0oonn3a
97 173,445 M 1 L 0 -2 2 -1 0.0000027 a.0 0. 0000027
94 173.645 M L =1 s} ¢] 2 1 =N 00N 29 Ul -0,0000020
39 173,.6%5 M 1 -1 0 63 2 Q 0.00000601 (a1} U.0000RAA
100 113.665 M -1 ¢ 0 2 -1 0.0nPNN178 0.0 GeNBOOLTA
101 174,456 M 1 1 -1 4] U 4] 0.0000029 0.0 o.ouunza
102 174,555 H 1 ] ¢ G 1 9] =N Ona00 25 0.0 =0.0000028
103 L75.445 M 1 1 U 0 0 14 =0.0000138 0.0 =0.0000137
104 175.455 M 1 1 [#] n ¢} 0 N.0004694 0.0 0.NNO4ATD
105 175,465 M 1 L u o] a4 -1 0.,0000930 0.0 0, 0000997
106 175.475 M i 1 ] 0 o -2 —0L0N0HIPL 0.0 EIsINalslalsTi Al
107 175.655 ad 1 -1 u 2 a 2 -0.0000G73 0.6 -0.0000073
10k 175,645 M 1 -1 U 2 ¢ 1 -0 000N056 N0 =0 B000GA
109 L75.675 M 1 -1 { 2 Q 8] =0.0000027 0,0 = NNONNZ 7
110 176,454 M 1 1 1 Q 0 o =0.0000074 n.0n =0.NNN0N24
111 177.455 M 1 1 Q 2 =2 2 =0.0000019 0.0 -0.0000019
i1z 182,556 M 1 o -1 Q 2 G NL. 0000049 n.n 0. 0000049
113 183.545 M 1 Q Q 1] 2 1 0.0000028 0.0 0. 0000025
114 1R3, 555 M 1 Q0 0 0 2 ¢ 0. 0000766 0.0 O, 0000754
115 183,565 M 1 4] ¢} 4] 2 -1 0.000M 148 0.0 0.0000147
116 1B5.355 M 1 2 Q 4] O { 0.0000367 0.0 0. 0000344
117 185,365 M 1 2 Q 0 g -1 0.0000073 0.0 0.00000732
118 185.55% ) 1 [v] 0 2 0 2 N.000724R3 0,0 0.0002475
119 185,545 M 1 [+] Q 2 o] 1 0.0001549 D0 0.0001RRG
120 185.575 M 1 [+ 0 z 0 4 0.0000333 0.0 0.,00n0337
121 185.585 M 1 0 [+ 2 o =1 0.0000021 0.0 0. 000021
122 19L.655 M 1 =1 o o & 0 0,.00000 22 0.0 n.Ooounz?
123 193.455 M 1 1 [ o} 2 1] D.00001L6 GeD 0.00005118
12 193.455 M 1 1 o] o 2 -1 N.N0000 72 0.0 0.0000022
125 193,655 M 1 -1 o 2 2 2 (1.00000R8 s 4] 0. 0NAG0ART
126 193.6K5 M r -1 0 2 2 1 OLONODRSA 0.0 1, 0000054
127 195,255 2] 1 3 0 ¢} u 1] n.,0000028 0.0 B, nnnnn2Aa
128 195.455 M 1 1 ¢ 2 s} 2 0.,00M0N4 60 a.n [, NGO0450
129 195.445 M i 1 u 2 ] 1 00000294 0.0 00000293
130 195.475 ™M 1 1 [V} 2 O 0 0,00000 A2 U.n 0. NNO0AZ
131 1X3.555 M L Q 4] 2 2 2 O.0000072 0.0 00000072
132 LX3.565 H 1 0 0 2 2 1 n.OnON0&A ({8 {O0RNNNAA
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: Table 9-1—(continued)

COFFFICTENTS IN SFCOMDS OF ARC
SINE FNR ¥X—-CNAMPNONFNTS
CNSINE FDR Y-CNMPNNENMTS

INDEX. TIDAL ARG. NIST. CNEFFICIENTS 0IF ROTATION AX1S NF ANGLLAR

-CNDE NUMBER RNONDY PHIM L LP ¥ 0 Ma AXTS FIRURF M{IMENT 1M
133 1X5.355 M L 2 2 8] 2 7.0000059 a0 0.0000059
134 LX5.3h5 ] 1 2 u, 2 QO 1 DLu000029 N0 00000039
135 1E3.455 Ll 1 1 Z 2 2 Q0000017 Ual) Q.00000L7
Explapailon of symbola

PHIM ia the Greenwich menn stderial Hme; ¢

L, LP, F, D and OM are Brown's fundamental
arguments; 4, 4', F, D and {

Constanta

k=0
K, = -T1'552430 x 10° Juliap contury-*
K, = -30484160 x 10" Jultan century™
{C=A)/C = 3.272930 x 107}
N = 36019856 day '
(Cy/a) = 2.343852 x 10*
I, = 1.082646 x 10-°
(m,/m,} = 3.334320 x 10°
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Table 9-2

Coefficients for the Diurnal Motion of the Rotation Axis, the Axis of Figure
and the Angular Momentum Vector in 2 Deformable Earth
COEFFICIENTS TN SECONDS MF NEC

SIMNF FOR X-CNMPANMFNTS
COSTME FIR Y~COMPONENTS

INDEX TIDAL aHG. DIST, COEFFICLENTS [IF ROTATION AX1S 0OF ANGLILAR

CUDE NUWMBER ANDY PHIM L LF F I OmM AXLS FIGHRF FOHARERMT LM

1 105.955 M 1 -4 0 -2 uoo=2 =M. 0000022 0.0001A09 =0.000001 6
2 107,758 M 1 -2 v -2 -2 -2 =N noNenen 007108 =0.0000048
3 109,545 M 1 0 0 -2 -4 =2 —0.0000054 UaUDD43 25 =0, Q000040
4 115.845 M 1 -3 Q. =2 a0 =1 =N.N00N0 &0 0, 00037244 0. 0000nZq
5 11 54K55 M 1 -3 u =2 G =2 =0.0000 204 0.00166R4 00000149
& 1174645 4 1 =1 0 -2 -2 .1 =0.00001 00 G.ONCA LAY =0, NEOONTI
7 1171.65% H 1 -1 0 =2 =2 -2 =0.0000524 G.0042004 ~0,00003R]
B I14.65¢4 &} ro-1 1 -2 -2 -z =0 00000 3G (L0003 2464 —t.0nnnoze
9 119.445 M 1 1 ¢ -2 -4 -1 —-0.0000019 0.0001545 =0.000N001 4
1o 119.45% ) 1 i 0 =20 -4 =2 =N 00unlng [, D0NR24G2 “{, DO TA
11 124,756 M 1 -2 -1 -2 0 <2z DL0000024 =0.0002008 G.0C00017
12 125,745 M t -z 0 =z 0 -1 =0 00003 20 00027810 =0,0000739
13 125.755 M 1 -2 v =2 uoo=-2 =0.00017581 0.014758% —0. 000262
14 126.55848 14 1 G -1 =2 -2 =2 0. 00000 29 0. 0nzarz CGNnnngl
15 l26.655 M 1 -1 O =2 -1 -z 0. 0000020 ~U. 001699 0. 0000014
16 126.754 14 1 -2 1 -2 o2 =0, 0000027 0,0002317 =0 000020
17 1271.545 M 1 U b =2 -2 -1 =.0030 30y 0.00336R1 =0 000284
14 t27.555 M L 0O o -2 -2 -2 —00002105h O, B17K13g —0.N0NLRT S
19 128.544 Ll 1 4] 1 -2 =2 -1 \*0.000ﬂ026 Ue0DO2TAT =G, D00U0LA
24 1284550 M 1 ¥ 5 -4 2 -6 =0,0000] &4 U UL 2706 iU TeTV B KA
21 129.355 M 1 2 o -2 -4 -2 ~0.000C064 0.0005404 =0 0000046
22 133.455 M 1 -3 o =2 2 -2 0.000nQe] —0. 0003664 0, 0000n20
23 134,656 M 1 -1 -1 =2 ¢ =2 0.0000 109 00009425 0. 000007A
&4 1354435 M 1 1 u -4 0o -2 000000 B =L 0043726 O.N0U0NHYA
25 135,635 f4 i -1 0 -z 8] ¥ . 000H0075% =1}, 000665y 0. 0000053
Zh 135.645 M 1 -1 [ [ =0L00024 20 0.0210140 =-n.0co172s
27 135,655 ] 1 -1 [V e o =2 =0.0012 /a0 Halll4978 =0.0009] 49
2R 135.855 M 1 -3 o} o] 0 U f.0n0n0 34 =0, 0002938 D000 A
29 136,456 M 1 1 -1 =2 -2 -z 0.0000023 =0. 000200 [EXS TRTA T4 AN
g 136.555 M 1 ¢} o -2 -1 -2 1. 00000 /9 =G, 0M0s0PE O.nnonnaa
31 136,644 M 1 -1 1 -2 noo-1 =0 00008070 0. 0N017040 ~0.0000014
32 13fh.654 ] 1 -1 1 -2 o <2z =0.00001 721 OL0niosny =0.00000RA
33 137.445 M 1 i I A | =0.000N457 0.0039RAS =-N. 0000328
ELY 137.458 L 1 i 9 =2 =2 <=2 =0.0002630 00211842 =t 0colT2e
35 137.655 M 1 -1 ( =2 4] 0.000013A =0.41012052 0. anpanor
36 137.6A5 M i -1 ¢ -2 =1 -0, 0000043 O.00037TNs UM UHAT T
a7 138,444 M s 1 1 -2 =2 -1 =0.0008101 9 0.0001700 =G.0nnyNla
38 138,454 14 1 1 1 -2 -z 2 =0.0000113% (. 009RRY -0.0000080
EL 139,455 M 1 i 0] 0 =4 U 00000025 —0.0002163 0.00O0NLR
40 143,535 ] 1 il 0 -4 2 =2 O.0000030 =0,0002627 G.0000072]
41 143,745 M 1 -2 [C 2 -1 0.0000N035 ~0.,0003051 0.0000025%
42 1434755 M T -2 o -2 2 =2 0.00001 96 ~0.00LT4R2 00000138
43 claa.546 M 1 g -1 =2 t -1 0.0000026 =0.0002318 U.000001e
G4 L44.554 M 1 0 =i -2 0 -2 0.0000225 =0.B02u0RY G.O0NN1 59
45 145,535 M 1 Q 0 -2 4] [#] 0.0000377 ~0.0033AA7 0.00002 AR
ié 145, 545 M 1 0 0 =2 n -1 -(.,001 2243 0.1097934 ~0 L HNRARY
&7 145.5485 M 1 ¥ 9 -z a =2 -0,00A%148 U.508240N78 -0, IN455724
48 145,755 M 1 -2 Q 0 o 0 G ON00G 20 -(1, 0037551 . 00007204
49 145,745 M 1 -2 0 o o -1 0.0000069 ~0.000a181 0.0000069
50 148,544 M 1 63 i -2 0 -1 =0.0000071 001 8R4 =0.0000015
51 1464554 M i ¢} i -2 a -2 =0.0000199 - U.0017771 =0, 0000140
52 147,356 M 1 2 0 -2 -z =z 00000 36 =i, 0003245 Q. 0000025
53 147.545 M 1 1] U a -2 1 -N. Q00074 0002143 TRV i
B4 147.554% 2 1 U G 0 -2 Q0 N.0000846 0. 0075875 0. HH505
55 147,565 M 1 Q ] 0 -2 -1 -{U.00001F8 0.00LhS35 =C0. 0000130
56 14B.574 M 1 0 1 n -2 V] N.OMONRST =}, 0005100 0. 0000040
57 152.654 M 1 -1 -1 -2 2 -2 0.0000074 ~0.00D214A4 0. C000G17
58 T 153,645 M 1 -1 g -2 2 =1 0.0000106 =0.00N9738 N.O000NOT 4
59 163,655 M 1 -1 o -2 2 -z 0.0000470 —0.N042943 0.000032R8
&0 154,658 L 1 -1 -1 0 it b =0.00000 28 1.0002314 =0.00000]18
al_ 1554435 M 1 L o -2 5} 0 =0.0000029 C.00024627 =0. 0000020
62 155,445 M 1 1 G =2 a -1 0L0U00332 -0 0030865 0. 000023
63 155.455 M 1 1 -2 u =2 0.0001794 ~C.0164589 0.0001249
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Table 9-2—(continued)

COEFFICIFNTS IM SFCOMRS OF ARC
SINE FOR ¥—-COMPANFNTS
CASIME FOR Y¥Y=CAMPOMENTS

INREX. . T1DAl _4RG. . DIST.. - COEFFICLENTS 0OF ROTATION AX1S NF ANGLUIL AR
CONE MUMRER RONDY PHIM L LP F o nmM AXIS FIGIRFE BN FRTHA
64 155.64% M 1 -1 ] 4] [ 1 =0,0000]43 0.0013136 =0 0000100
&5 1554655 L I =1 0 4] u ¥} NL00049%0 ~0.065R069 L1347 4
56 155.665 M 1 -1 ] 0 0 =1 .0001000 -, 10al7Tag 0.0000A%6
&7 1554675 Ll 1 -1 g 0 a -2 -0 0000029 U.O0OZE2T -0.0000020
68 1564558 M 1 o} 0 no=1 [§] =0,0000027 LL.0NDZ24T3 =i, 00n0cle
&G 156.654 M 1 -1 1 O 1 &) 0.0000030 0. 0002TR2 00000021
70 1574445 L 1 1 U n -2 1 ~0.0000027 G On02aT3 -n.oonnnle
71 157,455 M 1 1 u n -2 (4] 0,0000949 -0.,00R7473 Q0000660
T2 157.465 M 1 1 o v -2 -1 N.00002058 =0, 0N191A4 C.0000145
73 158.454 M 1 1 1 n =2 Q 0.0000040 =0 0063709 U, 0000028
T4 161.5R7 5 1 o -2z =2 2 -2 -{1.00000 469 0.0006488 =0.0000048
15 162.556 3 1 a4 -1 =2 2 =2 —-0.00017T02 0.0159956. =-0.0001174
Th 163. 535 M 1 U 6 =2 z o) ~0 0000023 G.0N02 164 =0.000001A
7 1634545 M 1 a 9 =2 2. -1 0.0000328 -0.00307a7 . L D.0000226
TH 163.5505 L 13 ] o -2 2 =2 =0.C000049 0., 0004A37 =0, 0000034
19 1563.555 S 1 Q a4 =2 2 =2 =0.002R973 Q.2718555 . =0.0019380
B0 163.557 5 1 u -2 0 0 8] N.CA000 18 ~G. 0001711 00000013
51 163,75% M 1 -2 ] i 2 U NL.00000463 -0.0004018 0, 0000030
K2 1644554 5 1 Q 1l -2 2 -2 0.0000242 3. 0022745 GaO0001AT
83 las,.556 5 1 v -1 -6 -4 o] 00000697 ~0.0DA5R26 (1. 00004480
B4 1654545 4 3 O U 0 O 1 -0,000171232 .01627R5 -0.,0001184
HS 1654555 S 1 a 1] 0 u 8] 0.0027652 —0.2606634 01.0019037
a6 1654555 M 1 i () ¢} i8] v} N.ON584 57 0 R600NTR N.NN4033 4
a7 165565 i 1 ¥} U 4] 0o -1 0.001) 7RG -0.1110032 0.00NRL113
HR 165.575 M 1 u 0o -0 a =2 =0.0000253 0. 0023802 =0, 00174
H9 laba.554 S 1 L 1 Q 0 Q 0.00006%4 =0, 0065527 U 0O004 TR
[0 1674355 4 1 2 0 0o =2 Q MLORON a3 (1, 000C4NTY 0. 0000029
al 1674553 5 1 [#] 2. 0 ¢ 0 0.000001H -0.00G1711 G 0000012
92 1674555 S 1 u [} 2z -2 2 0L00012 3R -0, 01L707Y OLNNNNRSY
93 leT.5865 L 1 U ¢ 2 -2 1 =0 0000047 U,00044R2 -0, 0000033
G4 167.575 L] 1 u 4] 2 -2 8] =-NL,0000023 00,0002 184 -0.0R0001A
Qs leB.650 5 1 [¢] 1 2 -2 2 0.0000072 0. 0006845 0. 0000050
96 172654 M 1 -1 -1 4} 2 4] 0, 000039 -0.0003710 0. 000002A
97 173.44% M 1 1 g =2 2 -1 O.0000027 -N. 00024258 QL.000uanle
Ch] 173.645 H 1 -1 4] 4] 2 1 -0,0000029 0.0002782 =0, NEO0U20
99 173.685 M 1 -1 ] 4] ? 0 nL,oNG9ng =11, G0RAT4RS 0L00N0AZ0
100 173.665 M 1 -1 Q 0 Z -1 ALO00N1 RN .01 7312 Q0000123
101 174.456 ol 1 1 -1 0 4] v 0.0000029 -0.0002782 Q.0uuue20
1z 174.5R5 H 1 O u ! 1 5 =0.0000076 0.0002473 ={.N0000L7
103 175,445 M 1 1 J n 0 1 -0.0000139 G.0013448 =0,0000055
104 175,455 L 1 1 U n Q 0 N.0004747 -L.04%8146 G NON32RF
105 175.465 4 1 1 ] 0 o -1 nN.000Nn940 -0.009uT32 0, 0000840
106 175,475 M 1 1 0 5} [ 00000071 0., 0002009 =0D.00NN14
107 175.655 M 1 -1 a 2 13} Z =0.0000074 0. 0007110 = 0000050
1086 175.665 M 1 =1 0 2 [} 1 =0.0000046 L ONB4ARS =1, nOnnn=pz
109 L75.675 M 1 -1 il pd 9] Q ~0.0000027 G.0NP2AE2ZR =, N00001S
110 1764594 M 1 1 1 o [V 0 =0, 0000024 0,0002319 0. 0000014
111 L7T7.455 M 1 1 u 2 =7 ¥y =0 0000019 CaOOO1LR5S5 =0, 0000013
112 18245564 A 1 U -1 0 Z2 [H N, GO000 R0 -0 . 004947 0.0000034
113 1434545 | 1 u 4] 4] 2 1 L. 0000025% -0.0002673 D.0000017
114 183+555 M 1 u W) (¢ 2z o] 0,0000772 0. 0076053 G.0000521
115 183,565 H 1 U i 4] 2 -1 0.0000151 =, 00148410 1. 0000102
116 185,355 M 1 2 G 0 {1 Q NLOD0ONETE =(1,D03TOGY Q0,002 53
17 18%.365 ™ 1 2 0 4 O -i 0.R0O00TS -0.0007420 3. 0000051
113 185,555 M 1 ¥ 0 2 il 2 N.00025%9 ={1.0250885 a.aenlrng
1149 185,565 =} 1 ¥ 4] . 0 1 0.00016725 -N.01604610 0.0001094
120 185.57% M 1 ¥ g Z 0 4] GL.annn3&l =1.0033699 A.0000230
121 LB5.585 M 1 4] u 2 u =1 0.Q0u0022 —0.0002164 C.0nacals
122 1914655 H 1 -1 Q 0 &4 u 00000023 ~-0.0002319 n.n00001 s
2123 193.455% M 1 1 Q Q 2 ¢ D.0000120 -(.0(:0120538 3, 0000080
124 193.4A5 [ 1 1 U Al Z =1 N.0000073 -0,0nN02319 OLN0O0NLS
125 193,655 M 1 -1 Q 2 Z Z 0. 00000091 -0.00091721 0. 0000060
126 193,665 L] 1 -1 a 2 2 1 0.00000548 - OONSRTS 0.0000030
127 LY5.255 [ 1 3 0 no.n o} 0,.0000029 - 0002937 Q.onoonle
128 195,465 M 1 1 U 2 O 2 0.0000476 -0 04ROTH 0.0000317
129 1954465 M 1 1 U 2 v} 1 00000304 ~(. 0030764 0. U000203
130 195.475 M 1 1 U 2 O o 0.00000 A4 =0, (006493 0., 0000043
131 1X3.555 " 1 a Q 2 2 2 0.,0000075 — (1. 0007730 GL.ORHO0BARD
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INDEX . .T1DAL ARG. 11ST.

Table 9-2—(continued)

L

CNEFFICIENTS 0OF
LP

COEFFICIEMTS M

SECONNS OF ARC

SINE FOR X-CAMPNMENTS
COSINE FOR Y-COMEONENTS

ROTATION
aXIS

AXIS NF
FIGUHRF

ARNGIHLAR
MOHENTIIM

CODE NUMBER RBODY  PHIM
132 1X3.565 M 1
133 1X5.365 M 1
134 1X5.365 M 1
135 1E3.455 M 1
Explanation of symbols

PHIM s the Greeowich mean alderial Hme; 4,

L, LB, F, [ and OM are Brown's fundamental
arguments; £, 4", F, D and 0
Constants
k=0
K, = -71'552430 x 10* Jullan century-!
. a -1
K, = -30484150 x 10> Jullan contary
(C=A)/C = 2,272030 x 10~
0 = 36029856 day '
(Co/ag) = 2.343852 x 10*
3, =1,082846 x 102
(me,u"m') = 3.334320 x 10%
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10000044
0.0000041
Q. 0000040
GLO000018

=0 0004947
=~ 000432
=1 DI04 174
—0.NN01ARS

00000032
G OU0004A0
Q.NOGO02T
a,0000012
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Table 9-3

Coefficients for Perturbations in the Euler Angles of the Rotation Axis, the Axis

TIOAL ARGUMENT
C(NE NUMBERS

115,955
17.755
109.555
115.R8453
1i5.R55
117.645
L17.655
118.654
119.445
119,455
124,756
125.745
125,755
1264556
1264655
L2&.754
1274545
127,555
128,544
128,550
129,355
L33.855
134,654
135,435
1354635
135.645
133.855
135.855
L36.456
136,554
136,640
136.654
137,445
1374455
137.655
137.665
L3B 444
138,454
139.455
143.535

1%5.4 365
Lx5, 355

1X3.565
1%3.555

195,475
195.465%
195,455
195,255
193. 6435
1G63.h55
193,455

.
1914455

LD S T NS RN e e W Dy B

1
-~

1
—_

CORFFICTIFENTS OF

F

POMNNSC RN AR AN S R R R R R i pg R A R P RS Ry P pg 0 g R sy P o B g A
f

e o

-

oo

1

1
oS o oo SN

r

(SR P VNS T e N

NP RNNSNN NS S

e

of Figure and the Angular Momentum Vector in a Rigid Earth

COEFFIGCIFMTS FOR FIILER AMGLF PERTURAALT | MmS
N SFOONNS NF ARG

COSTHMFEY FOR DFLTa THFTA

SINFS FOR NFLTA BSRT &= STAM(THRTa}

ANTATINN
AXTS
crs SIN
=0 O00UNN0L =0 000uh001

—0. D0N0eNG3
=G npnunnng
-0, 00000 N0]
=g NOIKIOHOT
=, ouponnna
=0.0000001R
=0, DUNYGHO ]

=i}, 0NQNNN% -

=U. 0unouneo
G QOO0
=0. Qugudole
=0, (1G0YAN KR
0w nunennond
O, 00G00NN0L
-0, 0nOeONG]
=0, 0OONUON 12
=0, NI0UNNT0
=0, 000u0NN01
~ 0. INUON0S
= ounannn?
e QUOLONO L
L. 00000004
0. 00000007
G OG0UBNNS
=, pponny?
=G, 00000420
. UNONON 2
G 00000N0)
0. A0RUON0 2
~0.00000N0]
“13. 00NONNO4
=0, 00000014
=0. 00000079
L OUNONNOR
={le MUOLGNO01
-0, 00000001
=0, 0000004
0. 0000002
0 AUNOBN0 1

=L OO 3
=0, 0ncannny
0L, 00000001
=0 0000N06T
=L 00000003
000000014
—0LO000000 ]
ERPRTIEHTIISTIAD]
=0 00uNnnn3
G ONUOOGHY
-0.00000013%
—0..0n0uNnNA2
(B {ISTeMD |
L TRIVIFIRTRIPN ]
=L ONGO000 1
=L 000u0n1S
=0 ORI TS
=0L.0000n001
=0 U006 S
0. 00000002
O, OnUOtGe 1
Q00000004
OLO00IGH0 2
0. On00enOGe
=L ONGUNGYZ
=0 NN 46N
0. 00000000
0,00000001
0.000000502
=04 O000000]
= 00000004
—0.0n00nnL7
=N.ORUONNRRS
000000001
=0.00000C01
=0. 00000001
0L 0nONOnG s
0400000000
Q00000001

AXIS OF

FIGULF

N 0NPHN2Z 30
0, 00unNNess
O NYNNS 7R
[ ALAIV VIR S )
O 0NPNZ1ET
0. nouelnsz
(s NOIRS 1 9
000000416
O.00pnN19Y
000Ul LOAA

=L (00N 49
Q. 00003058
0,001 T ARL

=0, NOyON30s

~O0, NGNNZ 1O
D.O0U002RA
0. 0N0N3ARR
N.oNp712LE
0. O0UNNY K58
U, N0 1498
0. 00000AAZ

=0, 0O0BONAZ4

-0, 0ne01123

=0, 00000514

-, 000013910
0.00022030
N,NOLZTRRED

=0 O000UNAZS

=0 000002 38

=0,00000714
. nRon0zul
D.00001 244
0. 0nuNalar
0.00024153

0. 00002579
0L ON0N0LIA
0. 00000200
0,0000)165

= Nnonna?y

-0, NNGNN3G2

0. OO 230
0, 60000955
QLONDORRTR
CLODO0GE10
nyndna 2y a7y
0, DONN NG D
0,000NE5]0
0. 0000041 &

O.NNenn1LYy

0. 00000 ES
=0 NG 2 40
(. 00003829
(DML RAGY
=1, 000013015
=0 00NN L0
Ga OO ZR A
DL O000EADA
(NN 2 R&R
L NRNOGP A5
0, 00001668
DL ONNGN ARZ
-0, N000N42 4
—0L.N0MEL L2 3
-0, 00000514
-0, 00100152
N anNZ27ag9a9
DL MHEL3ATN2e
-0 DONBRD AR
-0, OODOR 3R
=G, nnnnoTles
0. NOBONZN
Q. N0001 264
0.N00082713
O, 0025501
=0 O0DON 2 &7
Q. 0000043R
0.00000200n
0. 000011 65
-0, O00000Mn3]1
=0, O0ON3IN2

TRREFSTRIAL

EALY 9

T YO0 2 30
Ha HGUY SRR
G 0UBIN TR
e GOU06 S
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TIDAL

CODE

*143.745

143,758
144,546
144,556
145.535
145,545
1454555
145,755
145,765
14bs544
146,554
147.355
147,545
147.555
1474505
148,554
152.6564
L53.645
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155.675
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1564654
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158,454
L6l.557
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1A3.535
163,545
163.555
163.555
163.557

ARGUMENT
WLMBERS
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Table 9-3—(continued)

COEFFICIENTS FOR FEULER AMGLE PERTLRRATIONS
IN SECONDS NE ARC

COSTMNES FOR NELTA THFTA

SINFS FOR NELTA PS] * STN{THETA}

ROTAT I
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TEKRESTRIAL
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TIOAL ARGUMENT

LOEFFICIRENTS

1

Table 9-3—(continued)

COEFFICIEMTS FNH FULER ANGLF PERTIMPATINMS
[M SFCONNS NEARC

COSINFS FHIR NELTA
SINFS FNR NFLTA PST # STHITHFRTAL

RNATATIOM

AX IS

THFETA

AX15 OF

FIGMIRFE

TERHESTRITAL

L oaxls

CUNE NUMHERS L LP F
163.755 1674355 2 0 0
L&64,.554 . o -1 2
1464.556 L66.5%4 &} 1 0
1654545 16545664 n QO 0
165.555 . 0 0 Q
165.553 . n 4] 0

. 165.575 8] 0 o
B 1734445 1 0 -2
. 175.475 1 4] It
. 1854365 2 O 0
. 185.5R% 0 4] 2
. 193,405 1 3] 0
. 1E3.455 1 Q 2

Explanation of symhola

L, LP, F, D and OM are Brown's fundamental
argumems; 4,4, F, D and 0

Constants

k=0
K, = -7I'552430 » 10° Jullan century-'
K, = -3484150 x 10° Julian century ™
{C-A)/C = 3.272930 x 10~°
Q = 26029856 day
{Co/n,) = 2.343552 x 10*
3, = 1082645 x 10~
(mg /my} = 3334320 x 10°
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Coefficients for Perturbations in the Euler Angles of the Rotation Axis, the Axis

TIDAL ARGUMENT
CODE NUMBERS

1054955
107.755
109.555
115,848
115.A55
117.645
117.65%
118.654
119.445

119.455

124,756
1254745
125.755
12645546
126.655
126.754
127.545
127.555
128,544
128,550
129.355
133.685%
134,656
135.435
139,635
135.4645
135.655
L35.855
1364456
136.555
136,644
136.654
1374445
137.455
137.655
1374665
138,444
138.45¢4
L39.455
143,535

1X5.365
1x5.355
.

1X3.565
1X3.555

193,645
193.655
193.45%

191.655

Table 9-4

of Figure and the Angular Momentum Vector in a Deformable Earth

+
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TIDAL ARGUMENT
CODE NUMBERS

143,745

143.755
144,546
144,556
1454535
145,545
145.555
145,754
145,765
146,544
l46.554
147,335
147.545
147,555
147.565
148,554
152,656
1534645
153,455
154,656
155,435
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155,455
155,645
155.655
155,665
155,675
156,555
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1574465
158.454
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Table 9-4—(continued)

COEFFICIFMTS FOR EULER AMGLE PERTURARATIINS
[N SFCOANMDS NFEARC

COSIMES FOR NELTA THETA

SINFS FNR NELTA KS]

ROTATION

AXTS

Q. op0an 102
0.000U0S TR
0. 00NONOT7
0. 00000665
0, 0anYer22e
-0.uo0310z27
=0, 00184457
J.U0002469
0, 00000205
=0, 00000061
=0, DUCO0SAR
0. 00000107
L. 00000419
0.000U5025%
=0, 00000465
0.0U000332
Ua 00000072
0. 00000322
(1, 00001360
«. 00000153
=0.00000174
. OUN0DRSS
DBOOY521L0
0.00002566
0, 000303046
C.0un02593
-0.00000087
-0.00000L 64
O.0UD0UD 184
G.00000491
0. 00008 FRT
0. 00000542
Gy 0000N245
~0. 00000215
-0. 00005045
0. 00000143
. 00000 RS
-0.00000153
~0. 000BAO52
.00000113

N.0N0A0L02
0.000004578
3.00000077
0. 00000 ARG
1. GNOOOB0 L
-0 50004) 647
—0.00201044A
D.00G00016
L0000 205
= BOGON06]L
=00NBUNSHR
0.00000107
000000562
= 00000003
=N00000A29
0.00000005
D.00000072
0.000U0322
Q.000014R3
=0, 0000000
=0 ONOoNeGN
0L.00001156
0.000056K1
~, 00003435
J.00000005
0. O0003482
—(1000000RT
=0.0N0000Co0
0.00000000
-0, 00Uu0654
000000001
000000726
D.0N000000
-0.00000215%
=0.00008498
-0.00000000
0.000011A6
=~{0.00000153
-0.00093797
0.00000000

AXTS NF
FIGIKF

-0,0M1370181
-0.00174001
-0,00023%43
—0.NN2024 74
—0L,NNETHRLA
0.0%44RARG

Qu5a1TaNes
-n. 007519490
~0.00U62799

(L. NO01AASD

G.ON1TQ10A
=0 N0032706
= .MNL127408
—0.N15%30437

O.NN1a]743
-, 00101192
-0,00021801
-0.200928 104
~0,0N414225
0. 0004ATOA

0,00{)7372934
~0,N02A1421
=0.015RATTR
-0.00781363
-0.09222195%
=0.N07RA9530

N.000ZHLT2

0.00049820
-0, 00N0RANE
-0.00149429
-0.,01762385%
0. 00165064
-0, 00074730

D.000A5362.

0.01536357

C0a00043592

-0.002846TR
0. 00046707
026206034

-0, 00034475

* SINCTHFTAY

-0.00031151
=0.00178001
0.2 3363
wO N2NFET A
—(j, NOONN2BN

Gal2682962
U,ALZ? 58933

~0. 00004945
=, 0NN 22a0

J 00O 1R AIO
1.0017910R

~0,0003270464

NeNz17 121 ¢
0. 00001038
a,0n181847

-0.000015Q0
=0, 00023801
-0, 00058104
=M1, 00647] /R

0.00000009
0, 00000010

—(.00351904
-0, 01729985

0.01046081

=0, 00001667
—0.0106C3TR

D NNN20472
0.00000008

=0 00000009

0.00199257

0. NN0OBN2TS
-0.00221102
=0,.n0000011

0.00065362.
0.,016T4252
0.00000C01 .

-0.00354974

0,00046707
042RFH4ASD

-0.00000001

TFREESTRI al

L AXIS

=L onunZas
—0.00001384
RO TFIbIES N
=0 DINULHRY
—0L,tibuNeys?
UeDOUT7H G4
O ON4421 46
w (b HIUS&HK
=0, UL & BT
L U0ULG1L4 A
D, 00001397
=0 QU0ULZ5Y
=01 BUOODRE
=L U0U1L15%
0. 00001127
=0, U0000738
=0. 00U L AR
-0, 00000743
=L GOONRT&T
Ho0oLn33e
Da00UITARR
LU VISR A
—0L 0011949
-0 00005403
(. 0U0BTLGH
=0, 0000RUL2
G npOuLeY
G.00000382
=0, UauLLAsnT
-0.00001040
=0 0012801

L =QL00001 249

=0, 00000543
. U.U0000419
0. 00011248
2.0000031¢
~U. 00001935
0.020000341
0.00151293
~(.000L0250

B SR LA TIPS
=0, U001 384
EL UM TN )
=0, 000101089
=0, 000362
O uliefaz ¥
UG aT AT
=0, uDUGHEAN
=0 GO an T
D QUL A &
000397
LA VIALVIVIN Pl 3]
[EN U IR
= U00DNT e
Lo L s RS
=0 DGR Y
= UBIHYL b5

=0L00000TSS

= ONTH) R4} 7
[EPRI AT IR IV )
O O00000nTL 4

=0, 0NUL2 62T

=0, uni] Zyys
(1. UULUT3YSe

0L 000Za2 L

~0 L uI00T 210
N uan0 94
N, ooyooulz

=0.0n000014

L0001 Aln

=0, 00000400
-0.00001 643
~(,u0000uls
0,00000429
O.00012241
U. 00000002
=0 UNN0ZARAT
0L.U0000341
.0N20831 6
—{1.,u0u00u0L



<l

TIDAL ARGUMEMT
CUDE NUMBERS

163,755 147,355
164,554 .
164,556  166.554
1654545 165,565
165,555 .
165,555 -
. 145,575
. 173,845
. 175,475
. 185.345
. 1A6,545
. 193,465
. 1E3.455
Explanation of symiols

PO~ Se o Do N

Le

0
0
0

o]
¢}
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Figure 9.1. The Effect of Polar Motion on Latitude and Time.

Figure 9.2 shows the diurnal part of the latitude variation for Goddard Space
Flight Center during the summer of 1970. The polar motion components m, and
m, in Equation (9.14) were computed using all of the coefficients from Table 9.2.
Of the 135 tidal constituents, those with argument numbers

135.655
145,545
145.555
163.555
165,555
165,565

(9.16)
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Figure 9.2. Diurnal Variation in the Latitude of Goddard Scpace Flight Center from June 22, 1970 to
August 29, 1970, The Love Number k = 0.29,



have amplitudes large enough to dominate the motion. In Figure 9.3 the diurnal
latitude variation based upon all 135 tidal constituents is compared to that ob-
tained by using only the terms with the argument numbers (9.16). The error due
to the neglected terms is at most 010009 or 2.8 cm at the Earth's surface.

D.02

——— ALl 135 SECOND DEGREE
DIURNAL TIDAL COMPONENTS

= =—=— ONLY THE 6 MAIN TIDAL
COMPONENTS WITH ARGUMENT
NUMBERS:
135.655
145.545
145.655
163.555

165.585
165.565

i |

| 1

0.,

LATITUDE (SECONDS OF ARC)
[~}

-0.01

-0.02

Figure 9.3. Effect of Neglecting all but the 6 Largest Tidal Components in Computing the Diurnal
Variation of Latitude for Goddard Space Flight Center. Both curves are for a Deformable Earth
with k = 0,29,

The effect of rotational and tidal deformation on the diurnal polar motion
components is shown in Figure 9.4. The diurnal motion of the rotation axis
within the Earth is affected only slightly by deformation, being decreased in
amplitude by 0100024 which corresponds to 0.7 cm. In contrast to this, defor-
mation has a substantial effect on the motion of the angular momentum vector
within the Earth. As shown in Figure 9.5, the diurnal motion of the angular
momentum vector is reduced in amplitude by 01'00645 or 20 cm. The shift in
the angular momentum vector is due primarily to the factor

( _k_) 22 (9.17)
k) 3
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Figure 9.4. The Effect of Rotationa! and Tidal Deformation
on the Diurnal Motion of the Rotation Axis.

76



0.02
-'-\
- 0.01
[&]
[i
<
5 /4
a
2 ] | | i
3 Y 1 —
] 786.0
“a
o
L JULIAN DATE
-
-0.01
-0.02
0.02 -
30cm
/’\
5 0.01 |- \
o
<
S \
L]
a
2 0 | i |
3 I | T I | W
b 786.0
“
o]
o
.
o
I
-0.01.
JULIAN DATE
0.02 -

Figure 9.5. The Effect of Rotational and Tidal Deformation on the Diurnal
Motion of the Angular Momentum Vector.

77



20~
/N
K =0.29
!
1.0
% kY
N / \\
o
g L f I UV SN . VN S N S
z o I 11 T T T
g 785.0 / 7855 \ 7860  JULIAN DATE
2]
3 /
1o0f- 3
rs \\/
-z.o:"“/
2.0~ A~ _I_
/ \ 30m
1.0 / \ —J— /
g. /I \\ /
L
: /
(2]
4] S U I I T YIS N SO N N VIO
=3 I s R R B S R H
8 /735.0 785.5 7860  JULIAN DATE
w
s \ /
10 \ /
\\/,
20

Figure 9.6, Diurnal Motion of the Axis of Figure Due to Rotationa!l and Tidal Deformation.

78



which appears in the diurnal part of Equation (7.31) for H/C Q but is absent from
the diurnal part of Equation (7.18) for m. Rotational and tidal deformation cause
the direction cosines of the Earth's axis of figure to oscillate with an amplitude
of 179 or 58.7 m, as shown in Figure 9.6. The motion of the axis of figure is due
mainly to the mass redistribution associated with the diurnal tidal bulge. The
direction cosines of the angular momentum vector are given by Equation (2.24)
with h = 0 as

H
co

O

m o+ - (9.18)
C

and the direction cosines of the axis of figure are, from Equation (E.9),

g, = =S (9.19)

‘Therefore

'H A C-A
_:_C.m + ( C )L/Jf (9.20)

so that the 58.7 m diurnal motion of ; is reduced by the factor (C-A)/C to the
20 cm departure of H/C (! from the position that it would occupy in a rigid Earth.

The theory developed in Section 7 is directly applicable to the problem of
transforming from an inertial coordinate system to a terrestrial system that is
fixed to a set of observatories in some prescribed manner. The geometry in-
volved in transforming from inertial to terrestrial coordinates is shown in
Figure 9.7. The precessional transformation is

—

*mean of date ~ R3(_ zP) RQ(BP) RS (- QO) _imean of epoch (9.21)

where z o QP , and {,p are the precessional elements written as z,6, and (;0 in
the Explanatory Supplement to the AENA [1961, p. 29}, The transformation
from the mean sidereal system of date to the true sidereal system of date is

—

% e of date = Ry~ €xp) Ry(- D0 Y RI(ED X 0 o6 dae (9.22)

where the true obliquity of date is given by

€rp = &y + DEp (9.23)
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The nutations in longitude and obliquity referred to the mean ecliptic of date are
denoted by &y and Ae . respectively. The nutation in longitude is reckoned
positive westward. The transformation from the true sidereal system of date to
the ferrestrial system is

—

(9.24)

xterrestrial

= Rz(_ml) Rl(m2) RS(GASTI) ;true of date
The transformations (9.21), (9.22) and (2.24) are combined to form the complete
transformation from inertial to terrestrial coordinates.

In Woolard's development of the theory of precession and nutation, the nuta-
tions Ay, and Le, for the angular momentum vector referred to the fixed mean
ecliptic of epoch are obtained as a result of integrating Poisson's equations and
are given in Woolard's Table 24 [1953, p. 138]. The Euler angle perturbations
Ay and Ag_ computed from Woolard's Equations (55) are used to convert a7
and Ae, into the nutations A and Ae_ corresponding to the rotation axis.

9.25
59, = B, - 39, ©-25)

Ae = Ne, + 56 _ (9.26)

In (9.25), 8y is subtracted because it is reckoned positive eastward whereas
Ay and A are reckoned positive westward. The values of &y, and A¢,
are listed in Woolard's Table 24 as well as his values for the Euler angle per-
turbations 6y and 4¢_. The precession and nutation results represented in
Table 24 undergo a reduction to the mean ecliptic of date. This reduction con-
sists of adding the corrections in Woolard's Table 25 [1953, p. 152] to the
entries in Table 24 so as to produce Table 26 [1953, p. 153].

In order to apply the deformable-Earth theory of Section 7 in connection
with Woolard's solution for the angular momentum vector, his rigid-Earth
values for &y and §0_ must first be removed in Table 24 so as to give the
precession and nutation of the angular momentum vector referred to the mean
ecliptic of epoch. Reduction to the mean ecliptic of date is accomplished by
adding the terms listed in Woolard's Table 25 to the modified entries from
Table 24.

The rigid-Earth values of 6y and é6_ from the diurnal terms in Woolard's
Equations {(55) are of order 01000050r 0,15 ¢m. They are therefore small enough to
be lost in the numerical round-off error involved in truncating the 5th decimal
place in Table 24 prior to presenting the nutation series in seconds of arc to 4
decimal places as Table 26 and as Table 2.5 in the Explanatory Supplement to
the AENA (1961, p. 44]. The Eulerian terms in Woolard's (55) are of order
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010005 or 1.5 em and are therefore large enough to affect the 4th decimal place
in the nutation series. The Eulerian {erms are not included in Woolard's nuta-
tion tables, however, because they involve the arbitrary constant of integration
m,. The nutation series as presented in Woeclard's Table 26 and in Table 25 of
the Explanatory Supplement to the AENA therefore represent the direction in
space of the Earth's angular momentum vector to within the 4 decimal places
given in the tables, and subject to the understanding that the Eulerian terms in
Equations (7.39) and (7.40) are to be added to the tabular values of SSrD and

5, p e

The Euler angle perturbations $6, and &) of Equations (7.39) and (7.40)
must be reduced to the mean ecliptic of date before they can be applied to the
nutation series in Table 2.5 of the Explanatory Supplement to the AENA, The
Euler angle perturbations é¢  and §y , referred to the mean ecliptic of date
are given by

SGrD + iStJJrD sin €rp = - i el (GASTI) (m - CEQ-) (9.27)

which is analogous to Equation (6.10}. It follows from (9.27) and (6.10) that

Sgro + nger sin €rp = (86, + iy sin @) oi (GASTE - ¢) {9.28)

The Greenwich apparent sidereal time is related to the Greenwich mean sidereal
time qu by

GAST1 = qSM + &L/JrD cos € (9.29)

and ¢, is related to the Euler angle ¢ by Equation (C.4). Equations (9.29) and
(C.4) are combined to give

GASTL - #= - a + ¥ cos([" + §,) cot ¢, (9.30)
The planetary precession a is, from Woolard's Equation (67),
a=12"473T~ 27380472
- 000133718 (8.31)
where T is measured in Julian centuries since 1900 Jan 0.5 ET, and the polar
motion amplitude v is of order 0115, The reduction (9.28) of the Euler angle

perturbations to the mean ecliptic of date therefore involves adding terms of
order (/0000004 and can be neglected in numerical computations.
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The nutations Ay , and Ae  in longitude and obliquity referred to the mean
ecliptic of date are given by

- 9.32
Doy = Byp - iy ( )
Ae o= De + 39:1) {9.33)

Neglecting second order terms,
59, = 8Y, (9.34)
80 o = 80, (9.35)

The nutations Ay, and Ae are taken from Table 2.5 of the Explanatory Sup-
plement to the AENA,

It is now possible to write down a transformation from inertial to terrestrial
coordinates which takes into account the diurnal motion of the rotation axis and
the angular momentum vector within a deformable Earth. The form of the trans-
formation is '

—*

xterrestri al

=R, (-m) R(m,) Ry(-H,/CQ+ m} R(H,/CQ - m,)

R, (GAST1 + oy o cos €up)

R (= €qp) Ry(= D) Ry

R3(_ zp) R2 (6‘9) Ra(_ EO) ;mean of epoch 1 (9.36}
and the associated geometry is shown in Figure 9.7. The transformation from
the mean system of epoch to the mean system of date is the same as in Equation
(9.21). Instead of a transformation from the mean equinox of date CT°M directly
to the true equinox of datecﬂ. as in Equation (9.22), (9.36) involves a transfor-
mation from ‘T’M to the ascending node of the mean ecliptic of date on the equator
normal to the angular momentum vector. The obliquity €4p is given by

(9.37)

Sap = S+ Dfyp
The Greenwich apparent sidereal time is modified so as to account for the dis-
placement BL"JI_ cose - The transformation from the angular momentum vector
to the rotation axis is made using the components of m - H/C{). The diurnal
terms in m - H/C() are computed by differencing the respective components
given in Table 9.2. The Eulerian part of m - H/C 2 is from (9.6) and (9.8),
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(m - H/Cﬂ)Eulerian = (CC;A) ( —ki>mﬂeio—0t (9.38)

The vector m 0 eiaﬂt must be determined from observations. As shown in Fig-
ure 9.8, it represents the displacement of the rotation pole, with diurnal motion
filtered out, relative to the mean pole position. Because of the small factor

(G K\ 9.39
(C—) ( 'E;)‘ 0.0023 (9.39)

in (9.38), an uncertainty of, say 1 m, in m, neicr‘:Jt will produce an uncertainty of
only 0.23 ¢m in (m - H/CQ)

Eulerian

b 90 EAST

OBSERVED POLE PATH
WITH DIURNAL MOTION
FILTERED OUT

» GREENWICH
m,

. L oot
Figure 2.8. Determination of moe'% from Observations.



The transformation from the rotation axis to the z axis of the terrestrial
system is based upon the components of the polar motion m. There is as yet no
reliable model for the "non-diurnal’ or "Eulerian" part of the polar motion and
it is certainly true that the idealized circular motion given by the terms,

)
gt , \C-A C(9.40)

%)

in (9.6), does not adequately represent non-diurnal polar motion in the real Earth.
In order to represent the polar motion a ''semi-analytical' pole path is deter-
mined by adding the diurnal terms of (9.6) to an observed pole position with
diurnal motion filtered out.

moe

(9 41)

m = dxurnal + non-diurnal ‘ ) )
The polar motion transformai:mn is then broken into an emp1r1cal part. and an
analytical part as follows:

R,(-m;) R/(m,) = R, (~m

1,non-diurnal ) Rl(mz, non-diurn al)

RyGomy givraat? Ri(My yiyrnar) (9.42)
An alternative form of the transformation (9.36) is

—

R,(-m;) R,(m,) R,(GAST1)

x'te!'restri al —

R (~€rp) Ry(-00, ) Ry(5,)
R3 (—Zp) R2 (EJP) R3 (-QU) §mean epoch (9'43)

where the true obliquity of date €;p 18 given in terms of the nutation Ae in
obliquity by Equation (9.23). The nutations &y, and Ae o are given by Equa—
tions (9.32) and (9.33). The Euler angle perturbations 8¢ , and 8., are com-
puted from Equations (7.37) and (7.38) with the Eulerian terms determmed
empirically. The diurnal terms in ¢ , and 8y, are given in Table 9.4, The
polar motion transformation can be broken into diurnal and non-diurnal parts
as in Equation (9.42),
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A second alternative form of Equation (9.36) is

—*

xterrestrial = Rg[G'ASTl - (SHsz - SHer) cCos ETD].

R1 (_BM) R3(-‘C“¢ZD) R1(€M)

= 9.44
R3(—zp) R2(6p) RS(—E;O) Xean of epoch ( )
where the obliquity &, of the terrestrial equator is given by
Oy = €, + D¢, (9.45)
The nutations &), and Ae,  are given by ’
B,y = Doy = S, (9.46)
Be, = Degy + 86, (9.47)

Except for second order terms, the Euler-angle perturbations 86,, and 8¢,
are the same as the corresponding perturbations referred to the fixed mean
ecliptic of epoch.

glpzn Sy, (9.48)

56__ = 56, (9.49)

zD

Equations (7.43) and (7.44) are used to compute 36, and 8y, - The Eulerian
terms are determined empirically and the diurnal terms are given in Table 9.4.
No polar motion rotations are needed because the transformation goes directly
from the mean sidereal system of date to the terrestrial system, bypassing the
rotation axis altogether.

The choice of the best alternative form of the transformation from inertial
to terrestrial coordinates depends upon the particular application at hand. Equa-
tion (9.36) has the advantage that the nutational part is made using Ay, and
AeHD which come directly from Table 2.5 of the Explanatory Supplement to the
AENA. Modification of an existing transformation that does not include diurnal
polar motion and deformable Earth effects is accomplished by inserting the
transformation
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RZ(- 1-nl,di'u rnal) Rl(mﬁi.diurnal)
R,(~H,/Cll+ m ) R, (H,/CQ - m,y)

R,(GASTI + 8yr  cos ¢ (9.50)

#p)

in place of
R,(GASTL) {9.51)

Equation (9.43) involves fewer individual rotations than (9.36) but the nutations
Oy, and Ae,, must be modified using (9.32) and (9.33) to form Ay, and Ae .
Equation (9.44) involves still fewer individual rotations but the absence of a
polar motion transformation makes it impossible to incorporate the semi-
analytical pole path defined by Equation (9.41).

87



THE FUNCTIONAL FORM OF DOODSON'S EXPANSION

APPENDIX A

OF THE TIDAL POTENTIAL

Doodson [1922] developed a formal expansion of the tide generating potential
based upon Brown's [1905] lunar theory and Newcomb's [1898] theory of the sun.

Doodson's tabulated results are represented here in functional form as

s

J

o

_.M u.ll_\q _.[\/J _.M

[G,4s Aygys COS (¢hpjs b+ fezojm)

+ Gy Azojo Cos (Why 0t + ’Bzoj{a)]

L Botis sin (e, ;,t +'62153 +A)

+ Gy, Ao Sin (Wt + ’621,'@ + M)

[G,,, Agajs COS (@yy;, t 4 Bypig +20)

tGpgs Bygjo COS (@50t + By + 2M)]

Gyoa Aypjs Sin (@, t + 530,'3)

Gyps Ayqjs cOs (03150t + Byypy + M)

323 Baajs SIN(@g, 0t 4+ By, 4 + 24)

Gy 34 33j3 COS (W3, t "‘533]':) +30)
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Solar terms of degree 3 and all terms of degree 4 and higher are neglected be-
cause they are small. The coefficients denoted by Anm a are the numbers that
appear in Doodson's tables [1922, pp. 322-325]. The spherlcal harmonic degree
and order are denoted respectively by n and m. Individual tabular entries are
denofed by the index j. The subscript d stands for "disturbing body'' which is
either the moon, 2, or the sun, o.

The geodetic coefficients G_ na are functions of the latitude ¢ and Doodson's
tidal parameter G

1

Gmd-'2 nd (1 ~3sin?¢) (A.2)
4 = Gpy sin 2¢ (A.3)
¢ = Gpq cos?i (A.4)
Gypq = 1.11803 Gy, sin (3 - § sin? @) (A.5)
G,,, = 0.72618 G, cos ¢ (1 - 5 sin?¢) (A.6)
G;,q = 2.59808 G, sin ¢ cos? ¢ (A.7)
Gyyy = Gy, cos® (A.8)
where
m, Gr?
Gy =22 (A.9)
4 3
d
m, = mass of disturbing body
¢, = mean distance of disturbing body
G = universal gravitational constant
r = geocentric radius

In order to consolidate his results, Doodson adjusts each solar coefficient
K mjo 5 that it gives the correct result when multiplied by the corresponding
lunar geodetic coefficient G .. This adjustment involves the choice of specific
values for the ratio of Iunar to solar mass and the ratio of Iunar to solar mean

distance, If Knm, o denotes the solar coefficient before adjustment, then
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-G.__A {A.10)

nm3  nmi® = T nm® nmje

By first dividing out Doodson's numerical factor so as to recover the Knmjo , it
is possible to incorporate revised values of the lunar and solar masses and mean
distances into subsequent calculations. The only solar terms in Doodson's table
are those of degree 2, and for these

Samo _ S0 _ (Mo (< (A.11)
Gyms  Gpa My/ \ %o

Doodson [1922, p. 318] -used

G2m®

= 0.46040 {A.12)

2m32

' The solar coefficients A amjo 0T use with solar geodetic coefficients are there-

fore given in terms of Doodson's tabulated coefficients, Ajpjo by
- A, .
A = _Imi® A.13
2mi®  0.46040 (8.13)

The terms of degree 2 and order 1 in the tidal potential are the only ones
that enter into the torque components (4.19) and {4.20). The corresponding geo-
detic coefficient (A.3) is written in terms the Legendre function P;(sin ¢) as

1 Gr? .
Gyi4q :Emd—sP;(su\. les)) (A.14)

c:1:1
The arguments of the trigonometric functions appearing in (A.1) are given
by linear combinations of the following six standard variables chosen by Doodson
(1922, p. 310]

7 = local mean lunar hour angle referred to lower transit
s = lunar mean longitude
h = solar mean longitude
p = longitude of lunar perigee
-N' = N = longitude of the lunar ascending node
P, = longitude of solar perigee
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The standard variables are discussed in greater detail in Appendix B. Doodson's
arguments are of the form

47 +(d, = 5)s +(dy - 5Hh
+(d, - S)p + (dg - S)N' + (dg - 5)p, (A.15)
where d, through d. are the integers in a code number written as
d,d,d, -d,ddg

The integer d, is always equal to the order m of the harmonic in which the argu-
ment arises, or equivalently, to Doodson's ""schedule number™ 0, 1, 2, or 3. The
standard variables are given in terms of Brown's fundamental arguments by
Equations (B.1) through (B.5). When terms involving second and higher powers
of the time are neglected in Brown's arguments, the standard variables are
expressible as

Wt +P, (A.16)

where t is the Greenwich mean solar time, W, is a frequency and P, is a phase
angle. In the expression for the local mean lunar time 7, the longitude A is
separated from the rest of the phase angle so that

T=Wt+P, +A (A.17)
Doodson's arguments may be written as

6
m(W,_t +P) +mA + Z (d, -5) (Wt +P) ' (A.18)

i=2

The frequency and phase of an argument are defined by

&

W id T mW_ + Z (d, -5) W, {A.19)
i=2 ‘
&

,Bnmjd =mP_ + Z (d; - 5) P, (A.20)
122 ‘
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and the arguments are written in the form

Umjat + Bomja + WA (A.21)

which appears in (A.1).

For the analysis of polar motion and tidal deformation, the tide generating
potential (A.1) is rewritien as

U= Z i—jfi Z ; (C%)‘P:(sinqb)'

. E Anmjd cOs l})nmjdt + ﬁnmjd +mA + (n = m) %:l (A.22)

i

The tesseral diurnal coefficients A 24 d in (A.21) are related to those in (A.1) by

1 —

A21j d= - EAZde (A.23)
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APPENDIX B
DEFINITIONS OF THE STANDARD TIDAL VARIABLES

Explicit relationships are presented here between Doodson's standard var-
iables, the similar variables defined by Melchior (1966, p. 26] and Brown's
fundamental arguments as given in the Explanatory Supplement to the AENA
[1961, p. 44 ). The astronomical variables s, h, p, N', and p, are defined in
Table B.1 and the time variables T, qSM and t are defined in Table B.2.

Table B.1
Astronomical Variables
Symbols Used by %r;;goilj
Definition Doodson [1922, p. 310] the Expl
and Melchior Sup};p :
[1966, p. 26] [1961, p. 107]
Iunar mean longitude, measured 8 s

in the ecliptic from the mean
equinox of date to the mean as-
cending node of the Iunar orbit,
and then along the orhit.

solar mean longitude, measured h L
in the ecliptic from the mean
equinox of date

mean longitude of lunar perigee, p r

- measured in the ecliptic from
the mean equinox of date to the
mean ascending node of the
lunar orbit, and then along the
orbit

longitude of the mean ascending N = -N' Q
node of the lunar orbit on the
ecliptic, measured from the
mean equinox of date

mean longitude of solar perigee, P, r
measured in the ecliptic from
the mean equinox of date
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Table B2

Time Variables

Definition

This
Paper

Doodson
(1922, p. 310}

Melchior
(1966, p. 26]

Greenwich mean sidereal
hour angle

local mean lunar hour
angle, measured from
lower transit of the mean
moon past the local
meridian

Greenwich mean lunar
hour angle, measured
from upper transit of

the mean moon past the
Greenwich meridian

Greenwich mean solar
hour angle, measured
from lower transit of the
mean sun past the Green-
wich meridian

Greenwich mean solar
hour angle, measured

from upper transit of

the mean sun past the

Greenwich meridian

Greenwich mean solar
fime

Greenwich mean solar
hour angle

P

e
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Doodson's standard variables are given in terms of Brown's fundamental
arguments, £, 4', F, D, and I by

s=F +Q (B.1)
h=F-D+Q (B.2)
p=-4+F +0Q (B.3)
N =0 | (B.4)
p,=-4 tF-D+0 l (B.5)

and the fundamental arguments are given as polynomials in time in the Explana-
tory Supplement to the AENA [1961, p. 44].

Doodson's mean lunar time is reckoned from lower transit of the moon just

as conventional mean solar time is reckoned from lower transit of the mean sun.
The relationship between By T and t_ is shown in Figure B.1. :

B=THS TN (B.6)
¢M=ts+h—7r (B.7)
From equations (B.6) and (B.7),
T=t +h-s+h : (B.8)
Melchior's mean lunar and solar hour angles 7 and t are each referred to
the Greenwich meridian and measured from upper transit. Thus Melchior [1966,
p. 26] writes
B=74+s (B.9)
8-t +h {B.10)
which have the same meaning as (B.6) and (B.7).

Doodson's standard variables are each expressible in terms of the Green-
wich mean sidereal hour angle B+ Equating the forms (A.15) and (A,21) gives

w .t +f

nmjd nmj

+(dy - 5)p + (dg - )N’ + (d, - 5)p, (B.11)

d +m?\:d17’+(d2-5)s+(d3-5)h
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3
\LOCAL MERIDIAN

Figure B.1. Time Variables

Substituting for 7 from (B.6) into (B.11), withn = 2 and m = d, =1 gives
w,t +Bj = (c;bM +7) ¢+ a; (B.12)

where the subscripts 2, 1, and d are omitted and

@ = (dy = 6)s + (dy = S)h + (4, - 5)p

+ (dg = )N + (d, - 5)p, (B.13)

The frequency of a particular term is written in terms of the Earth's constant
nominal rotation rate { [not the ) in Table B.1 and Equations (B.1) through
(B.5)] as
w =0-n,
] ]
where
n =0-¢ -a. (B.14)
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APPENDIX C
EULER ANGLES RELATED TO THE MEAN SIDEREAL TIME

In order to apply Doodson's expansion of the tidal potential to problems in
polar motion dynamics it is necessary to relate the Greenwich mean sidereal
hour angle ¢, to the Euler angle ¢ defined in Figure 3.1. The difference (3, - ¢)
is small and is due to polar motion, lunisolar precession and nutation, and
planetary precession.

As shown in Figure C.1, the Euler angle ¢ is measured in the terrestrial
equator from its descending node ‘TDIE on the fixed ecliptic. Polar motion causes
¢ to depart from the angle ¢ measured in the true equator of date. The differ-
ence (gb ¢) is expressed in “terms of the phase " and amplitude  of the polar
motion, "shown in Figure C.2. Solution of the spherical triangle shown in Figure
C.3 gives

¢, =P =y cos(I"+d) cot €, - (C.1)
in which second order terms in 7y are neglected.

The true equator of date moves relative to the mean equator of date because
of the lunisolar nutation. The nutation Ay =~ in longitude is responsible for the
difference between mean and apparent sidereal time. From Figure C.1,

GAST1 = ¢, + &p p cos e (C.2)

where second order terms in Ay _, are neglected.

Planetary precession of the mean ecliptic causes the true equinox ‘T‘T to
move relative to the equinox T 1 OB the fixed ecliptic. From Figure C.1, the
angle ¢ is related to the Greenwich apparent sidereal time by

¢_ = GASTL + a (C.3)

where second order terms in Ay are neglected. The second order terms in
Ay, appear because a is measured in the mean equator of date rather than in
the true equator of date.

97



26

FIXED MEAN MEAN ECLIPTIC
EQUATOR OF EPOCH i
EIXED MEAN ECLIPTIC
A : " OF EPOCH
%D

L

%
=]
Iy
3
[=]
o9

>on m\/ y
MEAN EQUATOR
N @ OF DATE
p

X TERRESTRIAL
EQUATOR

TRUE EQUATCR

Xe OF DATE

Figure C.1. Relationship Between the Greenwich Mean Sidereal Time ¢y, and the Euler Angle ¢



y , 90° EAST

- X
GREENWICH

ASCENDING NODE OF

THE TERRESTRIAL EQUATOR
ON THE TRUE EQUATOR OF
DATE

Figure C.2. Amplitude and Phase of the Polar Motion

Equations (C.1), {C.2) and (C.3) are combined to give the difference (B -9
as

¢M-¢=—A1,[zrncos €p — 2

+vcos (" + &) cot 1T (C.49)

On the right hand side of (C.3) the replacement of e and ¢, by ¢, and the
replacement of ¢ by &, introduces only additional second order terms. There-
fore, with second order terms neglected,

¢M-¢=—&t,brncos €y — @

+ v cos (I' + ¢,) cot €y (C.5)
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Figure C.3. Departure of ¢ From ¢ Due to Polar Motion
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APPENDIX D

GEOPOTENTIAL COEFFICIENTS IN TERMS
OF THE EARTH'S INERTIA TENSOR

The Earth's gravitational potential is expanded in the form

G o . n .
=L (i e
n=2"’
P50

n=2 m=1

The spherical harmonic coefficients are given by

J, =- 1 J‘”“Pn(si“ #) dm (D.2)
mpag
C W
{S"“} - oo Ir“Pﬁ(s ingyd oo mi (D.3)
am mEarﬁ s1n m
where
_2(n-m! (D.4)

am ” Ton 4wy | (m=1,2..., n)

The origin of the x, y, z system is at the Earth's center of mass so that
J,-C,=5,=0 (D.5)

J, is given by

1 3 _. 1
J,= = jrz (—-51n2 qb——) dm (D.6)
myag 2 2
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Substituting for r and ¢ in terms of x, y and z gives

J,=- - ! , j(222- x? - y2} dm (D.7)
2mg ag

Equation (D.7) is written in terms of the principal moments of inertia defined in
Equation (2.3) as

J,=- —-1—2-(1“ +1,, - 2I,,) (D.8)
2mg 3 |

Similar developments give the other second degree geopotential coefficients in
terms of inertial integrals as

1
Cp=- 2 I, (D.9)
Mg 3p
S, =-_" 1 (D.10)
21 = S 23
: Mg 2
C,, = 1 D11
22 2 (122 - I]l) ( . )
4m, ag
s, =_-_1 1 "~ (D.12)
22 5 12
2mg ag

Equations (D.8) through (D.12) are rewritten in terms of the inertia tensor per-
turbations defined in Equation (2.5) as

2c,. - ¢c,. - C
J,=C ':‘ 433 “2 22 (D.13)
3 2mg ag
C, =~ 1 (D.14)
mg ag



(D.15)

S;1= - 2
T 8
c - C .
C,, = Lz—“- (D.16)
Amg ag
€12
Sy = - —2 | (D7)
2mg ag

The trace of the inertia tensor (2.5) is invariant under a small deformation. In
order to show this, the trace is written as

3

Z I[jj = 2Jr2dm (D.18)

=1

The mass redistribution resulting from a small deformation is treated as a sur-
face layer as shown in Figure D.1. The mass element dm is written in terms of
a surface density o(4, A) as

dm = p(¢, ) ds (D.19)

where ds denotes a surface element. The density is expanded in spherical sur-
face harmonics

p(d, \) :Z S (D.20)
n=0

S, =0 (D.21)

where

in order that mass be conserved. If V0 and S denote the volume and surface
corresponding to the sphere of radius ag, then

Irzdm = j ridm + Jagp(qﬁ, AY ds (D.22)
s

Yo
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Substituting for ¢ from (D.20} gives

J.agp(qb, \) ds = 4na2s, = 0 (D.23)
S
so that
frzdm = f r2dm (D.24)
v ‘
Therefore
(A+ i)+ (A+c, )+ (Creg)=2A+C (D.25)
from which
€11+ Cpp + G330 (D.26)
z
A
dm
2
- Y

X

Figure D.1. Small Deformation Represented as a Surface Layer
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APPENDIX E

DIRECTION COSINES OF THE AXIS OF FIGURE RELATED
TO PERTURBATIONS IN THE INERTIA TENSOR

The Earth's inertia tensor is written in the form

A+ceyy €12 Ci3
_ (E.1)
1= S A+ Chy Coy
L Ci3 Ca3 C+cyy

given by Equation (2.5). The perturbations c,; are small in relation to the
principal moments of inertia so that the xyz system of Figure 2.1 is almost a
principal axis system. The xyz system must be rotated through the small
angles 4 and p shown in Figure E.1 in order to make the z' axis coincide with
the principal axis of inertia.

A

X

Figure E.1. Rotation of the terrestrial System to Make the z axis
Caincide With the Principa! Axis of tnertia
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Neglecting second order terms in £ and p, the coordinate transformation
from xyz to x'y'z' is

i o -4
R=|0 1 -p ' (E.2)
L p 0]
The inertia tensor transforms as
I' = RIRT (E.3)
The transformed inertia tensor is
— -
Atcy, <., [L(A-C) 4,
I‘ = Clz A + 022 [p(A - C) + C23] (E.4)
BA-Cy+ec ) [p(A-0)+ Cpql T+ cyy
The direction cosines
g =13 (E.5)
C-4
€a3
p - C - A {Eoﬁ}

will diagonalize I' except for the ¢, terms. If ¢,, # 0 an additional rotation
about z' is necessary to produce 2 principal axis system.

The direction cosines of the principal axis of inertia are combined into a
complex number ¥, called the axis of figure

L,L'f - ,B + 113 (E.?)
In terms of the complex representation,

C=cp,+icy, (E.8)
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of the products of inertia, the axis of figure is given by

- e = < | (E.9)
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APPENDIX F
SYMMETRIC TIDAL ARGUMENTS

Summations of the form

ZK. S A (F.1)
]

i

arise in derlvmg the formulas for the Euler angle perturbations in Sections 6
and 7. The AJ denote general coefficients, . t + [3 is a tidal argument and ¢
is the Euler angle defined in Figure 3.1 Whlcil describes the Earth's diurnal
rotation. Two tidal arguments with distinct indices j, and j_ are called sym-
metric when

@ b+ B, = (G +m) 4 (F.2)
w,_t + /6]._ = (G +7) - °, (F.3)

where a ‘denotes a linear combination of Doodson's arguments and ¢, 1s the
Greenwich mean sidereal hour angle.

The arguments of symmetric terms in (F.1) are
Wut+ B, b= (G -D+7 Ly (F.4)
Two symmetric terms are combined to form
X Cigup t4Bmd) o e—i(wj _'t+,8j_'-qb)

L€
i+ +Aj_

= [_cos(qi)M - $) cos a (KJ.,r + th)
- sin(d, - #) sin a, (-4, + Kj,)]‘
+ o+ i[—cos(qﬁM - ¢) sin a; (- A )

.‘I’

+ sin(qbM - ¢) cos a, (KH + Kj_’)]- (F.5)
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